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Abstract. Uncertainty, particularly distribution uncertainty (a.k.a. ambiguity), holds signifi-
cant relevance in both academic research and practical applications. Much of the existing
research, however, has concentrated primarily on addressing outcome uncertainty (or risk), fre-
quently neglecting the aspect of distribution uncertainty. This research delves into distribution
uncertainty, a critical yet often overlooked aspect of empirical research. We argue that there is
a pressing need to integrate considerations of ambiguity directly into the development and
implementation of data analytics models, calling for the promotion and wider use of a well-
defined measure of ambiguity. We introduce a quantitative measure of ambiguity that sur-
passes conventional approaches by precisely capturing distribution uncertainty. We illustrate
the properties and advantages of this measure, highlighting its ability to enhance empirical
models, yield more reliable parameter estimates, and contribute to the decision-making pro-
cess. Using decision making in the financial market as an example, we demonstrate the value
of this ambiguity measure. This paper promotes a more nuanced understanding of uncertainty

and offers implications for both research methodologies and practical risk management.
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As far as the laws of mathematics refer to reality,
they are not certain; and as far as they are certain,
they do not refer to reality. —Albert Einstein

1. Introduction
Information systems (IS) research is a multidisciplinary
field that investigates the design, implementation,
management, and usage of information technology (IT)
to solve business problems and enhance organizational
performance. A key focus of IS research is to ensure
that information is processed correctly and effectively.
This focus spans various aspects of information proces-
sing, including data collection, storage, and analytics,
and the transformation of data into actionable insights.
Pervasive inherent uncertainty in the real world often
forces business decisions to be made using uncertain
data. IS plays an essential role in reducing uncertainty
by effectively managing and utilizing data to produce
clearer, more predictable outcomes from ambiguous
situations (Brynjolfsson et al. 2021). Uncertainty is one
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of the most important research topics in the IS literature.
Many IS research streams fundamentally aim to reduce
uncertainty in decision making for various members of
society: in e-commerce (Pavlou et al. 2007, Dimoka et al.
2012, Fang et al. 2021), pricing (Brynjolfsson and Smith
2000, Wang and Zhang 2009), word of mouth (Dellaro-
cas et al. 2007, Zhu and Zhang 2010, Lu et al. 2022), key-
word auctions (Zhang and Feng 2011, Du et al. 2017,
Gong et al. 2018), crowdfunding (Jiang et al. 2022, Kim
et al. 2022, Hu et al. 2023), social media (Zhang and
Zhu 2011, Xu and Zhang 2013, Rishika and Ramaprasad
2019), e-health (Gao et al. 2015, Zhou et al. 2023), online
dating (Bapna et al. 2016, Shen et al. 2024), and finance
(Zhang and Zhang 2015, Hendershott et al. 2021, Zhang
and Zhang 2024).

This research delves into distribution uncertainty, a
critical yet often overlooked aspect in both academia
and the industry. Uncertainty can be divided into two
distinct constructs: outcome uncertainty (or risk, with
unknown outcomes but known distributions) and
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distribution uncertainty (or ambiguity, with unknown
outcomes and unknown distributions). Knight (1921)
initially distinguished the difference between risk (or
outcome uncertainty) and ambiguity (or distribution
uncertainty). Subsequent researchers, including Ells-
berg (1961) and others such as Camerer and Weber
(1992), Epstein and Zhang (2001), Abdellaoui et al.
(2005), Maafi (2011), Abdellaoui et al. (2011), and Li
et al. (2018), have underscored decision making under
ambiguity as an important domain of research.

Ellsberg urns provide a clear illustration of the distinc-
tion between risk and ambiguity within decision-making
contexts. Consider two urns, each containing 100 balls
that can be either red or blue. Players are tasked with
placing bets on the color of the ball that will be drawn
from these urns, earning $1 if a red ball is drawn and
nothing for a blue one. The key difference between the
two urns lies in the distribution of colors: urn A has a
known distribution, with 50% of the balls being red and
50% being blue, allowing players to make informed bets
based on these probabilities. A risk-neutral player is
expected to bet $0.50 to play such a game.

Ambiguity enters the scenario with urn B, where the
distribution of red and blue balls is unknown. Players
know that the urn contains 100 balls in total, which are a
mix of red and blue, but the exact number of each color
is not disclosed. This uncertainty represents ambiguity.
Unlike risks, which are measurable and quantifiable
uncertainties (as seen with urn A), ambiguity involves
unknown probabilities, making it impossible to calculate
odds or expected outcomes precisely. When facing urn
B, a risk-neutral player often demands a higher compen-
sation, by betting less than $0.50 to play such a game.

The difference between the bets on the two urns mea-
sures players’ ambiguity aversion. If they know that
there is no ambiguity, then they can use traditional
models to bet $0.50, and if they know ambiguity exists,
they adjust their decision and bet less. If decision
makers are to optimize their actions, it becomes imper-
ative to accurately ascertain the level of distribution
uncertainty prevalent in their environment.

From this example, it is easy to see (1) the data gener-
ating process in the real world often suffers from the
issue of distribution uncertainty, in addition to out-
come uncertainty, and (2) decision makers need to
know the level of distribution uncertainty before they
can decide their course of action based on their model
of outcome uncertainty.

Despite the clear influence of ambiguity on decision
making, two significant research gaps remain notably
underexplored. First, there is a pressing need to inte-
grate considerations of ambiguity directly into the
development and implementation. Current empirical
research frameworks predominantly cater to environ-
ments where outcome uncertainties are quantifiable
and well defined, often neglecting scenarios where the

probabilities of outcomes are themselves uncertain.
This oversight can lead to the development of models
that are ill equipped to support decision making
in real-world scenarios characterized by high levels
of ambiguity. The development of systems that can
adapt to and effectively operate under conditions of
ambiguity would mark a significant advancement in
the field, enhancing the robustness and applicability
of these systems across a broader spectrum of uncer-
tain environments.

Second, the absence of a robust measure of ambigu-
ity constitutes a critical limitation in both research and
practice. Current methodologies largely focus on quan-
tifying uncertainty in scenarios where the risks are
known and probabilities can be assigned. For example,
Benaroch (2018) represented uncertainty in terms
of probability distribution and studied mitigations to
reduce uncertainty in IT investment. However, these
methods fall short in situations where such probabili-
ties are unclear or entirely unknown—conditions that
frequently arise in business, economics, finance, and
beyond. Developing a standardized and easy-to-obtain
measure of ambiguity would not only facilitate further
research on this important topic but also empower
practitioners to better assess and manage the uncer-
tainty associated with unknown distributions.

With the advancement of IT, it is anticipated that the
era of big data will alleviate information asymmetry or
uncertainty (Mishra et al. 1998). For example, Amzal
et al. (2006) advocate for a close association between sta-
tistical analysis, inference, and the data collection pro-
cess. However, data collected from various sources such
as sensors, social media, and financial records inherently
carry uncertainty due to noise, incompleteness, and
inconsistency. When decision makers rely on statistical
analysis or data analytic models to derive empirical
insights from the data, they must account for potential
uncertainty, both outcome and distributional. In cases
where the issue of uncertainty in distribution (ambigu-
ity) arises, commonly used models may yield unreliable
results. Given the widespread adoption of data analytics
in research and practice, it is crucial to identify situations
when ambiguity arises, measure it, and then develop
methods to improve reliability.

To demonstrate how a measure of ambiguity is use-
ful, we next discuss its application in ordinary least
squares (OLS) regressions. OLS is a widely employed
method for conducting empirical research. Although
the Gauss—-Markov theorem does not need a normality
assumption to obtain unbiased estimates of means,
the normality assumption is needed to have unbiased
estimates of standard errors, and therefore influence
confidence intervals and p-values (Schmidt and Finan
2018). In Wooldridge (2010), this assumption is named
MLR.6. It can be shown that, under the assumptions of
the classical linear model, the OLS estimators have the
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smallest variance among all the unbiased estimators. A
good ambiguity measure can estimate how much the
real distribution deviates from the assumed distribu-
tion. If there is no deviation, then estimates of standard
errors obtained from OLS are trustworthy. However,
when the deviation is large because of ambiguity, confi-
dence intervals and p-values can no longer be trusted.
Wooldridge (2012, p. 120) states that

Because u (error term) is the sum of many different
unobserved factors affecting y (dependent variable), we
can invoke the central limit theorem (see Appendix C)
to conclude that u has an approximate normal distribu-
tion. This argument has some merit, but it is not with-
out weaknesses. First, the factors in u can have very
different distributions in the population (for example,
ability and quality of schooling in the error in a wage
equation). Although the central limit theorem (CLT) can
still hold in such cases, the normal approximation can
be poor depending on how many factors appear in u
and how different their distributions are.

Later, in his appendix C, Wooldridge (2012, p. 767)
warns: “A more serious problem with the CLT argu-
ment is that it assumes that all unobserved factors affect
y in a separate, additive fashion. Nothing guarantees
that this is so. If u is a complicated function of the unob-
served factors, then the CLT argument does not really
apply.” In such situations, when the distribution of the
error term is uncertain or when ambiguity arises, there
is no guarantee that the normality assumption is met.
This may lead to errors in derived confidence levels.
Adjusting the confidence levels for ambiguity, based on
a measure of ambiguity, can therefore enhance various
prediction, classification, and causal inference models.
For example, a doctor using an analytics model based
only on outcome uncertainty may expect a 99% success
rate for prescribing a medicine to a patient. But in cases
of significant ambiguity, confidence in the 99% parame-
ter estimate can drop to as low as 60%, depending on the
distribution uncertainty in the patient population, and
potentially lead to severe consequences for the patient’s
health. In this context, a good ambiguity measure offers
a “confidence of confidence” for the estimates: the first
“confidence” pertains to the level of distribution uncer-
tainty, and the second “confidence” is related to the level
of outcome uncertainty.

Despite recognizing ambiguity as a crucial factor,
there remains a lack of clarity regarding its measure-
ment. Previous studies have primarily investigated
ambiguity through theoretical modeling or question-
naires. Theoretical papers often employ subjective
expected utility (SEU) theory to explore ambiguity
aversion, as probabilities are not necessarily objec-
tively known in SEU (Camerer and Weber 1992, Kli-
banoff et al. 2005, Van De Kuilen and Wakker 2011,
Abdellaoui et al. 2021). Questionnaires are thoughtfully
designed to investigate various uncertainty scenarios,

such as environmental uncertainty (Karimi et al. 2004,
Chung et al. 2019), role ambiguity (Rizzo et al. 1970,
Ayyagari et al. 2011, Ply et al. 2012), product uncertainty
(Dimoka et al. 2012, Hong and Pavlou 2014), evaluation
uncertainty (Lu et al. 2022), and privacy uncertainty (Al-
Natour et al. 2020), among others.

Prior literature proposed some measures of ambigu-
ity. Anderson et al. (2009) proposed an ambiguity mea-
sure based on the disagreement among professional
financial analysts. Williams (2015) suggested using the
Chicago Board Options Exchange (CBOE) Volatility
Index (VIX) as a measure of ambiguity. Chen et al.
(2021) modeled and measured product quality uncer-
tainty using the ratio of variance to the mean of online
product ratings. However, these measures do not effec-
tively distinguish between risk and ambiguity. Gong
et al. (2018) and Hansen and Sargent (2001) proposed
employing entropy to measure ambiguity. As we will
discuss in detail in Section 3.1, the application of
entropy has severe limitations.

To offer a more robust measurement of ambiguity,
this paper proposes the use of the Hellinger distance
(HD) as a measure for quantifying ambiguity.
Although this measure is not a new mathematical con-
struct, it is the first time for it to be used in this setting.
We argue that integrating our ambiguity measure,
alongside traditional outcome uncertainty measures
such as volatility and entropy, can enhance the accu-
racy and effectiveness of data analytics models. In this
context, this paper aims to (1) advocate for the consid-
eration of ambiguity in decision making, warning that
neglecting it may result in misinterpretation of empiri-
cal findings and failure of information systems, and (2)
introduce a measure quantifying ambiguity, demon-
strating its implications and applications in providing
useful additional information about uncertainty.

To illustrate the value of measuring ambiguity, we
take the financial market as an example. Financial parti-
cipants often overlook ambiguity in underlying distribu-
tions when relying on idealized financial economics
models to understand the market and make decisions.
For example, it is commonly assumed that financial
assets’ price movements can be described using a geo-
metric Brownian motion with constant drift and volatil-
ity. This leads to the assumption that financial returns
are normally distributed (e.g., Black and Scholes 1973).
The common assumption of normality in the underlying
distribution may underestimate the frequency of high-
risk downward movements, such as black swan events.
For example, on October 19, 1987, the Dow Jones Indus-
trial Average experienced a 22.6% plunge in a single
day, a return equivalent to 22 standard deviations below
the mean. If the returns had been normally distributed,
the probability of observing such a return on that day
would have been 10'”.! The extreme events occur more
frequently than their probabilities suggest, revealing
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fundamental flaws in naively using the normality
assumption to describe returns. Moreover, the dynamic
nature of the underlying distribution suggests that the
current distribution of returns may fail to hold in the
future, leading to challenges to models that rely on
invariant distribution.

In this paper, we argue that ambiguity can be quanti-
fied by measuring the distance between the actual distri-
bution and the distribution of outcomes predicted by a
reference model. The HD proves effective in capturing
the dynamic nature of distributions, making it an ideal
metric for ambiguity evaluation. Compared with other
existing measures, the HD stands out by aligning with
the definition of ambiguity, being normalized, and being
easy to calculate. We initially explore its statistical prop-
erties and then conduct a simulation study to illustrate
the advantages of explicitly considering ambiguity
when running regression models. To illustrate the appli-
cation of ambiguity, we estimate the HD in the financial
market and show that incorporating ambiguity into data
analytics models can lead to important new insights.

Our contribution to the literature lies in (1) theoreti-
cally proposing the difference between subjective and
objective ambiguity, (2) deepening the understanding
of how ambiguity may change the results obtained in
data analytics models, (3) characterizing the statistical
properties of the measure, and (4) highlighting the
effectiveness of using the HD as a measurement tool
for ambiguity. In addition to the established theoretical
models of ambiguity aversion and questionnaires, we
present a robust measure for quantifying ambiguity. By
offering a concrete measure for ambiguity, we enable
practitioners to assess the confidence of existing empiri-
cal models. This is particularly valuable in situations
where high ambiguity renders traditional models unre-
liable. Practitioners can leverage our research findings
to complement their current uncertainty measures.
Beyond the financial market, our approach holds rele-
vance in IS, marketing, and operations management
where data analytics are employed for business intelli-
gence, shedding light on valuable and previously unex-
plored insights by considering ambiguity and utilizing
our proposed measure.

The structure of this paper is organized as follows.
The subsequent section provides an introduction to the
research background. In Section 3, we conduct a review
of existing ambiguity measures, introduce our proposed
ambiguity measure, and scrutinize its statistical proper-
ties. Section 4 explores the application of our ambiguity
measure in the financial market as an illustration.
Finally, Section 5 presents the conclusion of our study.

2. Background

2.1. Uncertainty: Risk and Ambiguity

Traditional information theory characterizes uncer-
tainty as a feature of situations where the set of possible

future outcomes is identified, but the associated proba-
bility distributions are either unknown or, at best,
known subjectively (Schrader et al. 1993). Knight (1921)
initially defines risk as a special case of uncertainty with
known probabilities, whereas ambiguity is characterized
by uncertainty with unknown probabilities. It is crucial,
both in literature and practice, to distinguish between
risk and ambiguity.

However, ambiguity and uncertainty are often treated
as synonymous in practice, lacking an explicit distinc-
tion between them. The literature has defined the con-
cepts of uncertainty or ambiguity in various ways,
contingent upon the nature of the addressed research
question. For example, in the context of online markets,
Dimoka et al. (2012) define uncertainty as the challenge
faced by buyers in predicting the outcome of an online
transaction due to information asymmetry related to
sellers and products. Specifically, they distinguish seller
uncertainty as the buyer’s challenge in assessing the true
characteristics of the seller and predicting whether the
seller will act opportunistically. Simultaneously, they
characterize product uncertainty as the buyer’s difficulty
in thoroughly evaluating the product and forecasting its
future performance.

Numerous studies, such as those by Klibanoff et al.
(2005), Van De Kuilen and Wakker (2011), and Abdel-
laoui et al. (2021), have introduced theoretical models
to investigate risk attitudes and ambiguity attitudes.
Ellsberg’s experiment (Ellsberg 1961) has inspired many
studies on ambiguity aversion, resulting in the develop-
ment of several theoretical models, including the
multiple-priors model (Gilboa and Schmeidler 1989),
robust-control model (Hansen and Sargent 2001), and
smooth-ambiguity model (Klibanoff et al. 2005).
Although these studies have significantly advanced our
understanding of ambiguity aversion, our approach in
this paper introduces a unique differentiation between
subjective and objective ambiguity.

Previous works predominantly focus on subjective
ambiguity, delving into insights about ambiguity aver-
sion among decision makers. Epstein and Zhang (2001)
provide a behavioral definition of subjective ambigu-
ity in an abstract setting involving Savage-style (Sav-
age 1954) acts, and Zhang (2002) derives subjective
ambiguity from preferences, suggesting that decision
makers use unambiguous acts to approximate ambig-
uous ones. In contrast, Olszewski (2007) defines objec-
tive ambiguity as the absence of a single (objective)
probability distribution over outcomes, interpreting
larger sets of possible probability distributions as
more ambiguous information.

In our study, we define objective ambiguity as the
degree or extent of discrepancy between the actual dis-
tribution and a reference distribution. This metric can be
derived from historical data and remains unaffected by



Downloaded from informs.org by [137.189.74.206] on 09 October 2025, at 02:42 . For personal use only, all rights reserved.

948

Lu et al.: Beyond Risk: A Measure of Distribution Uncertainty

Information Systems Research, 2025, vol. 36, no. 2, pp. 944-961, © 2024 INFORMS

decision makers’ preferences or attitudes. Agents lack-
ing sufficient knowledge of the true distribution are
unable to construct a reliable probability model that
accurately characterizes data relationships (Hansen and
Sargent 2001, Uppal and Wang 2003). Consequently, in
research and practice where ambiguity is significant, the
outcomes cannot be treated the same as in the situation
when ambiguity does not exist. Therefore, incorporating
a measure of ambiguity is crucial for ensuring the valid-
ity of empirical models.

2.2. Literature on Ambiguity

Duncan (1972) argues that the nature of uncertainty or
ambiguity can manifest in either environmental or
behavioral dimensions. Environmental uncertainty
typically pertains to the uncertainty faced by an organi-
zation, whereas behavioral uncertainty is commonly
employed to characterize an individual’s decision-
making processes. Investigating the impact of envi-
ronmental uncertainty and task characteristics on user
satisfaction with data, Karimi et al. (2004) utilize IS
and organizational theories and found that environ-
mental uncertainty has a positive impact on task char-
acteristics. Chung et al. (2019) examine the impact of
contextual factors related to the nature of innovation
underlying firms’ patent portfolios and environmental
uncertainty on the value of software patents.

In the absence of a proper measurement of ambigu-
ity, these studies have primarily relied on thoughtfully
designed questionnaires. Rizzo et al. (1970) define role
ambiguity as individual’s confusion regarding the defi-
nition and expectations of the job, developing and
testing questionnaire measures for role ambiguity.
Similarly, Ayyagari et al. (2011) consider the item “I am
unsure what to prioritize: dealing with information
and communication technologies (ICT) problems or
my work activities” in the questionnaire to measure
role ambiguity, finding that work overload and role
ambiguity are the two most dominant stressors in the
technological antecedents.

In e-commerce online markets, buyers continue to
suffer from information asymmetry when purchasing
experience products (Nelson 1970), such as used cars,
that cannot be easily evaluated before purchase. This
information asymmetry, in turn, gives rise to uncer-
tainty or ambiguity. For example, product uncertainty,
initially proposed by Arrow (1963), has recently been
recognized as a significant impediment to online mar-
kets (e.g., Ghose 2009, Dimoka et al. 2012, Kim and
Krishnan 2015), although IT systems such as diagnostic
websites (Jiang and Benbasat 2007), third-party certifi-
cations (Dimoka et al. 2012, Kim et al. 2022), and digital
videos (Kim and Krishnan 2015) have proven helpful
in reducing product uncertainty. Dimoka et al. (2012)
speculate that product uncertainty negatively impacts
price premiums in online markets beyond seller

uncertainty. Hong and Pavlou (2014) introduce the con-
struct of product fit uncertainty (PFU), defined as the
degree to which a consumer cannot assess whether a
product’s attributes match his or her preference. The
PFU is measured by asking consumers to report their
subjective assessment of whether they were certain that
the product would match their preferences. Al-Natour
et al. (2020) elucidate the role of privacy uncertainty in
the context of purchasing and using mobile apps by
examining four research questions, introducing privacy
uncertainty as an additional construct in the nomologic
network explaining the intentions to purchase as well
as continued use.

Although questionnaires are a straightforward
method for measuring “ambiguity,” they pose a risk of
biased results if participants interpret and respond to
items inappropriately, resulting in “subjective” ambi-
guity. To address this limitation, we emphasize the
importance of objective ambiguity, measured as the dis-
tance between the actual distribution and a reference
distribution. Given data availability, we explore the
application of ambiguity in the financial market as an
illustrative example.

The financial market, recognized as a complex and
dynamic system with independent and constantly
changing participants, is considered efficiently ineffi-
cient because of the inherent difficulty in predicting
future events (Pedersen 2019). It is viewed as more
efficient, liquid, and with less information asymmetry
because of the implementation of electronic securities
trading systems (Clemons and Weber 1996, 1997) and
the evolution of the internet (Barclay et al. 2003).
According to the efficient market hypothesis, share
prices reflect all available information. However, in
cases where one party (informed traders) in the trans-
action possesses more information than the others
(noisy traders), uncertainty arises because of asym-
metric information (Mishra et al. 1998; Zhang and
Zhang 2015, 2024).

Researchers and practitioners commonly rely on the
volatility or standard deviation of stock returns as a
measure of risk and uncertainty (Shiller 1987). Stock
returns are typically modeled assuming a normal dis-
tribution (Black and Scholes 1973), which works well in
normal market conditions but proves inadequate dur-
ing market turmoil (e.g., Gabaix et al. 2003; Barro 2006,
2009). During market crashes, prices experience signifi-
cant declines and turbulent periods characterized by
high variability. A well-acknowledged fact is that stock
return changes follow a distribution with fatter tails
than the normal distribution predicts, meaning that out-
liers occur more frequently than expected. To address
this issue, Mandelbrot (1963) proposed utilizing “fat-
tailed” distributions from the Paretian family, accom-
modating infinite standard deviations to describe
stock returns. This solution allows for outliers to have a



Downloaded from informs.org by [137.189.74.206] on 09 October 2025, at 02:42 . For personal use only, all rights reserved.

Lu et al.: Beyond Risk: A Measure of Distribution Uncertainty

Information Systems Research, 2025, vol. 36, no. 2, pp. 944-961, © 2024 INFORMS

949

reasonable probability of existence, albeit at the expense
of penalizing observations in the head of the distribu-
tion. Despite researchers recognizing distribution
uncertainty or ambiguity, they often prioritize risk con-
siderations, such as tail risk or downside risk. Once
again, our HD approach perfectly captures the variation
in the distribution.

The inherent complexity, behavioral aspects, and
dynamic nature of the financial market make it an ideal
arena for studying ambiguity or uncertainty. Examining
the intricacies of financial markets provides research-
ers and practitioners with valuable insights into
decision-making processes and risk management strat-
egies in the presence of ambiguity. In the following sec-
tion, we review other measures of ambiguity applied
in finance and then introduce our approach of HD as
anew measure of ambiguity.

3. Measurements of Ambiguity

Prior literature mainly focuses on subjective ambiguity
and relies on thoroughly designed questionnaires to
measure various kinds of reactions to uncertainty or
ambiguity. This section focuses on objective ambiguity
and provides a review of proposed metrics that have
been suggested as proxies for measuring ambiguity.
Notably, four quantitative approaches have been pro-
posed, including dispersion in analyst forecasts, the
CBOE VIX, U (mho), and relative entropy. We then
introduce the HD as a new ambiguity measure and dis-
cuss its statistical properties and application in regres-
sion models.

3.1. Alternatives of Ambiguity
Agents are presumed to have substantial information
about return volatility but limited knowledge about
mean returns. To measure the extent of agents” uncer-
tainty regarding mean returns, Anderson et al. (2009)
propose an ambiguity measure based on the disagree-
ment among professional financial analysts. This mea-
sure relies on the variance of forecasts extracted from
the Survey of Professional Forecasters. When all fore-
casters are in agreement about expected returns,
uncertainty is likely low. Conversely, if forecasters
articulate significantly different forecasts, agents are
likely unsure about mean returns, resulting in high
uncertainty. However, discerning ambiguity from risk
presents challenges with this measure, as the disper-
sion of forecasts correlates strongly with stock price
volatility. Additionally, this measure accommodates
both forecasters” subjective opinions regarding ambiguity
and the objective ambiguity emanating from the
market.

The CBOE VIX is widely recognized as an indicator
of market panic, and Williams (2015) advocates its use
as a measure of ambiguity. Nonetheless, the VIX might

not be an ideal representation of ambiguity, as it incor-
porates information related to both risk and ambiguity,
as confirmed by Miao et al. (2019). Moreover, from a
theoretical standpoint, the VIX lacks a direct connection
to distribution uncertainty.

Brenner and Izhakian (2018) introduce an ambiguity
measure denoted by U (mho), which quantifies the
uncertainty associated with the distribution of a finan-
cial asset’s returns. The quantity U is defined as

B[] = / El¢ () [Var[p(r)]dr,

where ¢(r) represents the probability density function
of return r, whereas E[¢(r)] and Var[¢(r)] denote the
expected probability and variance of return 7, respec-
tively. The compound probability model underlying O
offers a comprehensive framework for empirical analy-
sis (Augustin and Izhakian 2020, Izhakian et al. 2022).
However, its calculation demands the distribution of
distributions of stock returns, which requires high-
frequency transaction data and is not readily accessible.
This constraint presents challenges to effective decision
making under distribution uncertainty.

Relative entropy, also known as Kullback-Leibler
(KL) divergence, provides an alternative method for
quantifying the disparity between a reference model
and alternative models, falling within the family of f-
divergence (Gibbs and Su 2002). The relative entropy is
defined from probability function p»(x) to pi(x) and
requires that pi(x) is absolutely continuous with
respect to pp(x):

Dxv(p1lp2) = Zpl(x)ln (ZgD

However, the incorporation of the Radon-Nikodym
derivative in defining the relative entropy imposes
a constraint on the zero probability set of p;. This
requirement dictates that the zero probability set of p;
must align with the set of p,, limiting its applicability
in addressing extreme events, such as black swan
moments. Additionally, the nonmetric property of the
KL divergence (Gibbs and Su 2002), demonstrated by
its asymmetry and failure to adhere to the triangle
inequality, complicates the derivation of a consistent
measure of ambiguity.

In summary, despite various attempts to develop
ambiguity measures, existing measures have short-
comings, as shown in Table 1. Therefore, this paper
proposes using the Hellinger distance between the
empirical distribution and a reference distribution to
assess ambiguity. This approach has the advantage of
avoiding the requirement for identical zero support
sets between the two distributions being compared.
Furthermore, we demonstrate that the proposed mea-
sure serves as a valid indicator of ambiguity and
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Table 1. Summary of Ambiguity Measures

Measure Pros

Cons

Forecast disagreement

returns
CBOE Volatility Index (VIX)
panic
U (Mho) measure
asset’s returns distribution
Relative
entropy (KL divergence)
Hellinger distance

Based on professional financial analysts” variance
of forecasts; reflects uncertainty about mean

Widely recognized as an indicator of market
Quantifies uncertainty associated with a financial
Alternative method for quantifying disparity

between reference and alternative models
Distance between empirical and reference

Challenges in distinguishing ambiguity from risk
because of correlation with stock price volatility;
subjective opinions may influence the measure

Cannot tease out risk from ambiguity; lacks a
direct connection to distribution uncertainty

Requires high-frequency transaction data for
calculation; not readily accessible

Constraint on zero probability set alignment;
nonmetric property complicates derivation

models; normalized metric; no conditions on
support sets of distributions; no infimum or

supremum calculations required

provides additional valuable information for estimat-
ing market and individual stock crash risks.

3.2. Hellinger Distance

A suitable ambiguity measure should meet several crite-
ria. First, it should be easy to compute, even in the
absence of comprehensive information about the true
model, such as the probability distributions of an
observable quantity. Second, the measure should dem-
onstrate metric properties, including symmetry and the
triangle inequality, ensuring that the distance between
two distributions remains consistent regardless of the
chosen reference distribution. Third, the measure
should be normalized, facilitating comparisons between
different levels of ambiguity. Based on these require-
ments, we propose using the Hellinger distance as an
ambiguity measure.

The Hellinger distance, first proposed by Hellinger
(1909), is a distance function between two probability
distributions. For two cumulative distribution func-
tions P; and P,, the HD between them is defined as

2
HD?(Py, P,) =§/<,/‘ZI} ,/‘;iz) da, 1)

where A is a third cumulative distribution function.
The HD is independent of the choice of A. If the two dis-
tributions have probability density functions f;(x) and
f2(x), the HD can be calculated as

1 [ 2

DAL =5 [ (i - )i @
We will now outline the advantages of using the HD
as a measure of discrepancy between two probability
distributions, comparing it with other measures. First,
the HD does not impose specific criteria on the zero
support sets of distributions, allowing for the inclu-
sion of rare black swan events that may be deemed
implausible by prevailing reference models or histori-
cal experiences.

Second, the HD is normalized, that is, 0 < HD(P1, P5)
< 1, regardless of the distributions being compared. A
value of zero indicates practically identical distributions,
whereas a value of one signifies almost surely disjoint
support sets. This normalization feature facilitates the
comparison of various levels of ambiguity. We demon-
strate how uniform HD thresholds can be determined for
normal reference distributions in the subsequent section.

Third, the HD adheres to fundamental axiomatic
properties of a metric, including the identity of indiscern-
ibles, nonnegativity, symmetry, and triangle inequality.
These properties provide a set of well-defined, mathe-
matically rigorous distance measures for comparison.
Although alternative measures like the Wasserstein met-
ric and total variation distance could be employed, the
HD is preferred because of its avoidance of infimum or
supremum calculations. Additionally, the HD encom-
passes all distances within the family of f-divergences
(Csiszar 1967, Gibbs and Su 2002), including the
Kullback-Leibler divergence, emphasizing its suitability
for probabilistic analysis.

It is important to note that the HD’s symmetry implies
its inability to address inquiries about the direction of
deviation between empirical and reference distributions.
Consequently, decision makers must rely on the empiri-
cal distribution as an estimator of the actual distribution.
In contexts such as the stock market, identifying devia-
tions may not necessarily pose a challenge, as various
other economic and financial variables can be observed.

3.3. Statistical Properties of the
Hellinger Distance

The normality assumption is widely applied in the lit-
erature, leveraging the CLT to assert that the average of
a sample from a random variable is asymptotically nor-
mally distributed. In regression analysis, assumption
MLR.6 from Wooldridge (2010) states that the unob-
served error is assumed to be normally distributed in
the population. This assumption, combined with the
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Gauss—-Markov assumptions, is essential for making
the sampling distributions of the estimators tractable.

When the distribution of the error term is uncertain
or when ambiguity arises, there is no guarantee that the
normality assumption is met. This may lead to errors in
the derived confidence levels. Adjusting the confidence
levels for ambiguity, based on a measure of ambiguity,
can therefore enhance various prediction, classification,
and causal inference models.

Our proposed measure reflects the degree to which
actual data deviates from the normality assumption. A
larger discrepancy signifies a greater distance and a
diminished applicability of the normality assumption.
To assess the confidence level at which two distribu-
tions differ from each other, we need to estimate the
critical value of HD corresponding to the confidence
level. We examine the HD between two normal distri-
butions with distinct mean and standard deviation
parameters to determine the critical values.

The choice of the normal distribution as the reference
distribution reflects our objective to measure how the
real world deviates from the perceived “ideal” world.
It also makes the measure very useful in practice: if
severe differences exist between the two distributions,
then it suggests that the traditional model (which relies
on the “ideal” assumption) may not be that useful any-
more. It is important to note that a normal reference
distribution is not mandatory. In some settings, com-
monly assumed distributions may take other functional
forms (e.g., exponential distribution), and then these
alternative distributions can serve as the reference
distributions.

The HD between two normal distributions is given

by

HDA(Py, Py) =1 — |21 expl ﬂ] €)

2, 2
07 +035 4 ot+o03

where p; and p, are the means and o4 and o5 are the
standard deviations of the two normal distributions,
respectively.

Determining critical values for the HD concerning a
normal reference distribution can be accomplished with
relative simplicity. The null hypothesis stating that the
empirical and reference distributions are identical can
be rejected through a meticulous appraisal of critical
values. To obtain this outcome, we can conveniently
employ Equation (3) to represent statistical measures of
traditional statistical tests explicitly devised for normal
distributions, such as the F-test and Welch's t-test. The
HD between two normal distributions can be written as

HD = /1 — aexp(b), 4)

where a =, /22“22 and b= 1(’2 +” ' Considering the
1

a2
F-test of equality of variances, the test statistic F = —%

has an F-distribution with parameters d; =d, = N — 1
Here, we impose the assumption that the sizes of the
two samples are the same. The cumulative distribution
function of this F-distribution is then

Prp(x) = L. <E, E) for x>0, 5)

2 2
where [ is the regularized incomplete beta function.
The part of this function for x < 0 is not needed for
evaluating critical values of the HD. For any given p-
value, the corresponding minimum and maximum
values of the test statistic are Fpi, = P;1(p) and Fax =
Pz1(1 —p). Noticing that the quantity 4 in Equation (4)

can be written as a = /2¥%¢ F YL for any given p-value, the

corresponding minimum value of 2 is

2\/Pr(p) |24/Pr'(1—p)

Prl(p)+1 \PFl(1—-p)+1

Amin = Min

For the Welch’s t-test, the test statistic t = VN \“/%

has a Student’s t-distribution with the parameter
approximately equal to v =2(N —1). Here, the sizes
of the two samples should be the same, and the var-
iances of the two samples are approximately the
same.” The cumulative distribution function of this
Student’s t-distribution is

Pt(x) I _2N-1) (N— 1, 1), for x < 0, (6)
2 2+2(N-1) 2

where [ is the regularized incomplete beta function. For
any given p-value, the corresponding minimum and
maximum values of the test statistic are tin = P; 1(p)
and tmax = —P;!(p). Noticing that the quantity b in
Equation (4) can be written as b = — 1 £, °, for any given p-
value, the corresponding minimum value of b is

I /)
TN

After calculating amin and by, the critical value of the
HD is given by

HDcriﬁcal = \/1 - aminexp(bmin)- (7)

The set of critical values depends solely on the sample
size, without being constrained by any specific attribute
of the sample. Our identified set of critical values is not
limited to particular instances and has universal applica-
bility. Table 2 presents the numerically calculated values
of HD uitica1 for various p-values using a sample size of n
= 250. Our estimation of rejectability is conservative, as
we have chosen the minimum possible values for both a
and b, derived from the given p-value to evaluate the
critical HD. It is noteworthy that our criteria ensure a
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Table 2. Critical Values of the Hellinger Distance

p-value 0.05 0.01 0.005 0.001 0.0005  0.0001

HDeinea 00736 0.1041  0.1152  0.1381  0.1470  0.1660

minimal probability of committing a type I error (reject-
ing a true null hypothesis) while also reducing the likeli-
hood of committing a type Il error (accepting a false null
hypothesis).

3.4. Value of Considering Ambiguity

Regression analysis is a fundamental and indispensable
tool in the realm of empirical research, requiring careful
consideration of its key assumptions. Primary assump-
tions related to explanatory variables include linearity,
population orthogonality, and the absence of multi-
collinearity. Additionally, assumptions regarding error
terms encompass homoskedasticity, zero conditional
mean, and normal distribution. The normality assump-
tion is needed to have unbiased estimate of standard
errors, and therefore influence confidence intervals and
p-values. In this paper, we argue that, in order to con-
duct valid empirical analysis, we must take into consid-
eration ambiguity and measure it properly.

Consider the following regression model:

Y=XB+e.

We are interested in the vector of least squares coeffi-
cients, B, which can be estimated as

B=XX)"'XY. (8)
In order to obtain the confidence levels of these estima-

tors, we are also interested in the conditional variance-
covariance matrix:

Var[B|X] = 2(X’X) ", 9)

which can be estimated by calculating the standard
errors of the regression

(I - X(X'X) 'X")e
—-K
where 7 is the number of observations, K is the number
of variables, and I is an n-dimensional identity matrix.
Equation (9) relies on the existence of a static and
normal variance o2 of the error term or the MLR.6 in
Wooldridge (2010). That is, one implicit assumption is
E[e€’ | X] = 0*I or, equivalently, €| X ~ N[0, 0°I].
However, in practice, information about the distribu-
tion of observations is often limited. The CLT cannot
guarantee the normality assumption if the error term is
a complex function of unobserved factors or if the dis-
tribution of the error term is uncertain. Breaches of this
assumption compromise the confidence in the estima-
tors. To determine the validity of this supposition, a
measure of ambiguity becomes necessary. Minimal

Var[B|X] = x'x)",

ambiguity upholds the reliability of the conventional
model, preserving confidence in our estimates. Exces-
sive ambiguity, however, undermines the model’s trust-
worthiness, rendering the results unreliable, regardless
of its goodness of fit.

Next, we demonstrate, through a simulation study,
that when ambiguity exists but is not considered in
empirical models, the results can be severely distorted.

We aim to examine the relationship between a depen-
dent variable Y and an independent variable X over
30 years, with 250 days in each year. For each year t, we
generate a random vector X; of size 250, following a nor-
mal distribution X ~ N(170,10), and add noise to it with
a noise term vector: €; ~ N(0,5). The dependent variable
is then calculated as Y; = 2 X X; + ;. This process yields
a 250x30 matrix, totaling 7,500 observations over
30years, with two columns representing the depen-
dent and independent variables.

To introduce abnormal years with higher ambiguity,
we randomly select 6 out of the 30 years and assign the
noise term to follow a bimodal distribution: half of €,; ~
N(50,10) and the other half €, ~ N(—50,10). This intro-
duces ambiguity for some years without altering the
mean of the observations.

Next, we assess the regression model Y; = 8, X X; +¢€;
for each year t and utilize €, to calculate HD; to evaluate
the level of ambiguity in each year.” We designate a year
as an ambiguous year if HD; exceeds the critical value
(0.1041 for p = 0.01).

We then examine two scenarios: (1) a naive one with-
out considering ambiguity, including all data up to year ¢
in the regression for each year, and (2) a sophisticated one
in which we consider ambiguity and exclude the ambigu-
ous years from the regressions up to year ¢ for each year.
The simulation results are shown in Figure 1.

In the upper panel of Figure 1, the lines with circles
indicate naive estimations with ambiguity, whereas the
lines with squares indicate the case when ambiguous
years are excluded from the estimation. The lower
panel displays the estimated HD measure for each
year. Years 6, 16, 18, 21, 24, and 28 exhibit significantly
larger ambiguity.

From the results, we have several observations:

e Initially, when there is no ambiguity, the line with
circles and the line with squares overlap, demonstrating
that the calculation of ambiguity does not impact years
without ambiguity.

e From year 1 to year 7, the variance decreases for
both scenarios, suggesting that more data (because of
cumulative regressions up to year t) can effectively
reduce variance.

e The line with squares gradually converge to the
true value with § = g = 2.

e The line with circles are significantly affected by
ambiguity. The mean does not converge to two, and the
variance remains high under the influence of ambiguity.
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Figure 1. (Color online) OLS Estimation with and Without Considering Ambiguity
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Table 3 compares regression results when ambiguity
is ignored versus when it is considered, using the entire
30-year sample. When ambiguity is present but over-
looked, the standard error (0.027) is significantly larger
than when ambiguity is explicitly considered and
removed (0.006). Notably, the coefficient of 2.019 for the
naive case falls outside the 95% confidence level of the
estimate derived from the ambiguity-adjusted model.
Simultaneously, the R* value (0.941) is much higher
when ambiguity is accounted for (compared with 0.428
in the other case).

The simulation results suggest that when ambiguity
arises, the coefficients and confidence levels of the

Table 3. Regression Results with and Without Ambiguity

Ambiguity ignored Ambiguity considered

B 2.019 1.996
(0.027) (0.006)

[1.966, 2.072] [1.984, 2.009]
Intercept —3.337 0.683
(4.586) (1.096)

[-12.327, 5.652] [—1.466, 2.832]
Observations 7,500 6,000
R? 0.428 0.941

estimators in the regression are unreliable, regardless
of the goodness of fit. In the following section, we
explore ambiguity in the financial market as an illus-
tration of the implications of ambiguity in the real
world.

4. Application of Ambiguity

In the preceding sections, we provide definitions for
uncertainty, risk, and ambiguity; introduce a quantita-
tive measure for ambiguity; and discuss the implica-
tions of this measure. Our proposed Hellinger distance
metric, distinct from traditional approaches, effectively
captures distribution uncertainty, offering a more
nuanced and objective evaluation. Compared with
existing IS literature, our work goes beyond theoretical
discussions and questionnaire-based assessments by
providing a quantitative tool for measuring ambiguity.
Given the constraints posed by data availability in the
field of IS, we conduct an in-depth investigation into
the financial market to illustrate the practical applica-
tions of our ambiguity measure in this section.

4.1. Market Ambiguity Trend

We apply an Autoregressive Moving Average, i.e.,
ARMA(1, 1) model to the daily S&P 500 return in excess
of the one-month Treasury rate for HD calculation
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based on the residuals. On the firm level, we compute
HD using the residuals from the regression of individ-
ual stock returns on the Fama and French (1992) market
factor (MKT).

The computation of the ambiguity index involves
historical daily returns up to time t. With 250days
representing the total number of trading days in a year,
we use a normal distribution with the same mean and
variance as the residuals based on 250 days of return
data as the reference distribution. Because the empirical
distribution is discrete and the reference distribution is
continuous, we first employ kernel density estimation
to smooth the empirical distribution and then use
Equation (2) to calculate the HD.

Figure 2 displays a time-series plot of stock market
ambiguity, quantified by the HD. The plot incorporates
relevant variables, including SPRET, representing the
mean of daily returns of the S&P 500 in month t; SPVOL,
representing the standard deviation of daily returns of
the S&P 500 in month ¢; and VXO, denoting the implied
volatility of an option contract on the S&P 100 index.*

The top panel of Figure 2 features a horizontal
dashed line indicating the critical value (corresponding
to p = 0.01) of the HD. Vertical dashed lines, from left to
right, mark market crashes on Black Monday in Octo-
ber 1987, during the Russian crisis in August 1998, the
subprime crisis in October 2007, Lehman Brothers’ col-
lapse in September 2008, the U.S. sovereign credit deg-
radation in August 2011, the Russian financial crisis in
December 2014, the market crisis in February 2018, and
the COVID-19 pandemic in February 2020.

Figure 2 reveals that the null hypothesis cannot be
rejected at the 1% level for more than half of the time,
as HD values consistently remain below the critical
value. This implies that the empirical distribution of
return residuals closely aligns with a normal distribu-
tion. However, it is crucial to note periods where the
null hypothesis can be rejected, indicating a deviation
from normality.

The analysis underscores the relationship between the
HD, VIX, SPVOL, and SPRET with market crashes. The
HD experiences a noticeable decline, crossing the p =
0.01line preceding each market crash. This decline is
coupled with an upswing in VIX and SPVOL, alongside
a sharp ascent in HD during the crash. This pattern sug-
gests an opportunity to leverage two HD peaks, accom-
panied by a VIX surge, as leading indicators of market
crashes. The findings propose that the HD might possess
stronger forward-looking properties compared with the
widely accepted VIX.

It is crucial to emphasize that a decline in HD after
the initial peak does not necessarily signify a return of
the distribution to fundamental levels. Instead, it serves
as a critical warning sign of an impending financial cri-
sis. In the Online Appendix, Section A, we present
model-free evidence illustrating how the trend of HD
can provide signals of market crashes.

4.2. Ambiguity and Crash Risk
So far, our findings suggest that employing the ambi-
guity measure can provide insightful warning signals

Figure 2. (Color online) Time-Series Plot of Stock Market Ambiguity and Crash Events
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for market crashes. Nonetheless, because of the infre-
quency of market crash events, relying solely on regres-
sion models to analyze the correlation between market
crashes and the ambiguity measure may not be entirely
reliable. To further demonstrate the ambiguity mea-
sure’s potential, we use regression models to examine
its value in indicating individual stock crash risks.

4.2.1. Variable Definition. We first calculate the HD for
each firm in each year. Similar to the market HD, we
use returns from the 250 days leading up to the end of
year f for each individual firm. To ensure an appropri-
ate reference distribution, we compute the HD based
on the residual of a regression model:

Ri,d — Rf,d = q; +ﬁiMKTd + &id-

The dependent variable is the daily return in excess of
the one-month Treasury rate for firm i in day d, and
MKT is the Fama and French (1992) market factor. We
then use the Equation (2) to calculate HD;; based on
the daily ¢; 4.

As discussed by Chen et al. (2001), the negative coef-
ficient of skewness (NCSKEW) serves as a proxy for
measuring the occurrence of financial crashes. Addi-
tionally, the concept of conditional skewness has been
used in prior literature to both represent the likelihood
of a financial crash occurring via crash expectation
measurements (Bates 1991) and to assess the possibility
of stock price crashes as a measure of crash risk (Kim
et al. 2011). For stocks, the calculation of conditional
skewness (NCSKEW) is conducted on a yearly basis
using daily returns data:

n(n —1)**% R?’Ld
3/27
(-1 -2)(LR, ,)

where R; ; 4 is demeaned daily returns for firm i during
year t, and n is the number of observations on daily
returns during the period. The minus sign implies that
an increase in NCSKEW corresponds to a firm being
more “crash prone” or having a more left-skewed
distribution.

We also employ the “down-to-up volatility” (DUVOL)
measure, originally introduced by Chen et al. (2001). This
metric enables the analysis of a specific firm’s behavior
by distinguishing days with returns below the period
mean (ie., “DOWN” days) from those with returns
above the period mean (i.e, “UP” days). We compute
the standard deviation separately for both subsamples of
data and obtain the logarithmic ratio of the sample ana-
log for the standard deviation of the down days to the
sample analog for the standard deviation of the up days.
This measure captures the behavior of the financial asset
concerning its volatility and the directional trend of the
returns observed during the specified time period. Thus,

NCSKEW,; = —

955
the DUVOL is calculated as
n, — 1 R2
DUVOL;; = log ( )ZDOWNZ Lid ),
(ng — 1)ZUPR1‘, t,d

where n,, and n,; are the numbers of UP and DOWN
days, respectively.

Next, we use the HD to investigate the crashes
through the regression model

CRASHI, 1 = a+ ﬁlHDi,t + ‘BZCRASH“ + ﬁCOHti’Ol,‘,t
+ Year; + Firm; + €; ;.
(10)

The dependent variable CRASH; ; represents NCSKEW; ;
or DUVOL;; for firm i during year t. The independent
variable of interest is the ambiguity measure (HD). In
accordance with Chen et al. (2001), we also incorporate
several control variables: VOL, the standard deviation of
the excess daily returns during the period; RET, the
yearly return; SIZE, the logarithm of the firm’s market
value; BM, the book-to-market ratio; LEV, the leverage;
ROA, the return on assets; COVER, the logarithm of one
plus the number of analysts (Institutional Brokers” Esti-
mate System); and VOLEPS, the standard deviation of
the forecast EPS by the analysts. Terms Year; and Firm;
indicate the year and firm fixed effects, respectively.

4.2.2. Empirical Results. The daily stock files were
obtained from the Center for Research in Security Prices,
whereas the annual accounting data are from Compu-
stat. The sample encompasses all NYSE, AMEX, and
NASDAQ firms with common shares. We exclude firms
with insufficient or missing data and require each firm
to have a minimum of 100 daily transactions per year.
Furthermore, we exclude companies with less than
10 years of available data, resulting in a final sample of
74,294 firm-year observations for 4,064 entities spanning
from 1983 to 2020.

Descriptive statistics for the variables are displayed
in panel A of Table 4. Specifically, the mean (median)
values for NCSKEW and DUVOL are —0.33 (—0.29) and
—0.28 (—0.28), respectively. On average, the HD has a
value of 0.11 with a standard deviation of 0.06. The
median value of the HD (0.10) reveals that the null
hypothesis, asserting that the empirical distribution is
identical to the normal distribution, cannot be rejected
at the 1% level for at least half of the firm-year observa-
tions. This supports the notion that the empirical distri-
bution of return residuals closely aligns with a normal
distribution, as assumed by MLR.6 in Wooldridge
(2010). The estimations for other variables align with
the existing literature, indicating the dependability of
our sample.

Panel B of Table 4 reveals that NCSKEW and DUVOL
exhibit a high correlation of 92%, as both function as
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Table 4. Summary Statistics and Correlations Among the Firm-Level Variables

Panel A. Summary statistics

Variable Mean Median Minimum Maximum Std. dev.
NCSKEW -0.33 -0.29 —15.42 12.18 141
DUVOL —0.28 —0.28 —6.18 3.45 0.61
HD 0.11 0.10 0.03 0.66 0.06
VOL 2.79 2.40 0.33 40.55 1.59
RET 0.14 0.07 —1.00 24.99 0.64
SIZE 6.55 6.45 —0.69 14.49 1.88
BM 0.66 0.54 0.00 39.78 0.59
LEV 6.07 6.06 —-3.04 14.70 2.36
ROA 0.11 0.12 —2.35 1.37 0.15
COVER 3.16 3.22 0.69 6.08 1.08
VOLEPS 0.58 0.10 0.00 107.53 3.88

Panel B. Correlations

) @

®) *) ©) (6) @) (8) 9 (10

(1) NCSKEW 1
@) DUVOL 092 1

3) HD —009 -011 1

(4) VOL  -011 -017 027 1

) RET 005 005 —-002 003 1

(6) SIZE 010 016 -018 -039 -0.08 1

@) BM —0.05 —0.06 006 013 012 —027 1

8) LEV 007 012 -015 —040 -005 077 010 1

©) ROA 010 013 —009 -029 —0.01 023 —014 007 1

(10) COVER 007 011 -015 —0.22
(11) VOLEPS —003 —004 004 0.15

—0.06 074 -0.15 0.57 0.19 1
—-0.05 -0.04 005 -0.03 -0.18 -0.02

Note. Std. dev., standard deviation.

proxies for firm-level crashes. The crash measures dis-
play a negative correlation with the HD, at —0.09 and
—0.11 for NCSKEW and DUVOL, respectively. During
a given year, firms with a higher HD tend to be less
likely to experience crashes or possess a distribution
that is less skewed to the left. The correlation between
the HD and other control variables remains moderate.
Notably, the correlation between the HD and VIX is
0.27, which is reasonable, considering that the VIX
contains information about both risk and ambiguity,
whereas the HD specifically represents ambiguity.
The negative relationship between the HD and SIZE
implies that smaller firms are more likely to be ambig-
uous to investors. Additionally, in line with Anderson
et al. (2009), who propose using professional fore-
caster disagreement levels as a proxy for uncertainty,
we investigate analyst disagreement levels represented
by VOLEPS as an alternative proxy for ambiguity. Our
findings indicate that the HD is positively associated
with VOLEPS, exhibiting a correlation of merely 4%.

As argued by Chen et al. (2001), corporate managers
have discretion over information disclosure and are
incentivized to strategically withhold negative infor-
mation while hastening the release of positive informa-
tion. This asymmetric disclosure behavior results in a
degree of positive skewness in returns. If a firm exhibits

greater ambiguity or opaqueness, managers are more
inclined to adopt this disclosure strategy, leading to a
more pronounced positive-skewness effect and a smal-
ler NCSKEW. Consequently, we anticipate the ambigu-
ity measure to exhibit a negative association with stock
crashes (NCSKEW), and the regression coefficients of
the HD should be negative.

Table 5 presents the regression results for firm-level
crash risk considering HD and control variables. In
Model (1), which solely incorporates HD, the coefficient
is —2.49 with a statistically significant t-statistic of
—25.83 (p < 0.01). The negative coefficient on HD per-
sists in Model (2) with the inclusion of control variables,
and the effects of these control variables align with Chen
et al. (2001). Another ambiguity measure, VOLEPS,
also shows a negative impact on crashes, albeit with
a comparatively weak significance level. Model (3)
includes fixed effects and adjusts the t-statistics using
robust standard errors clustered at the firm level; how-
ever, the negative coefficient of HD remains signifi-
cant at the 1% level. The regression results for Models
(4) through (6), utilizing DUVOL as a proxy for firm-
level crash risks, reveal similar ﬁndings.5

To address concerns about the time horizon of crash
risk measures, we calculate NCSKEW using monthly,
quarterly, and semiannual data. Additionally, we
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Table 5. Ambiguity and Firm-Level Crash Risks
NCSKEW;41 DUVOL4q
M (2) ®3) 4) ®) (6)
HD, —2.49%** —1.33%* —1.35%** —1.33%%* —0.58*** —0.64***
(—25.83) (—12.77) (—9.57) (—32.05) (—13.11) (—9.50)
Constant —0.12%%* —0.39%** —0.39%* —0.15%* —0.32%* —0.51%*
(—9.34) (—11.53) (—6.28) (—28.69) (—22.15) (—17.72)
Controls No Yes Yes No Yes Yes
FEs (year and firm) No No Yes No No Yes
Cluster (firm) No No Yes No No Yes
Observations 74,294 74,294 74,294 74,294 74,294 74,294
R? 0.009 0.031 0.017 0.013 0.057 0.032
Note. FEs, fixed effects.
***p < 0.01.

investigate whether the ambiguity measure can serve as
an early warning indicator for predicted crash risks
across various time frames. Unreported results from our
analysis indicate that, even after adjusting for control
variables, fixed effects, and t-statistics, the coefficients
of HD consistently exhibit a negative and statistically
significant relationship at the 1% level for all crashes
estimated within distinct time periods. These findings
suggest that ambiguity exerts a pervasive and stable
influence on firm-level crashes.

To further explore the impact of the HD on firm-level
crash risks, we examine the effect of the HD on firms
with varying degrees of information asymmetry. Typi-
cally, firms are considered opaque when characterized
by small market sizes, low liquidity, or low institutional
ownership (IO). These opaque firms are expected to be
more uncertain to investors, displaying a higher level
of ambiguity. However, the sensitivity of crash risk to
ambiguity for opaque firms remains unexplored.

Table 6 presents regression results for firms’ crashes
(NCSKEW) on HD and its interaction with a dummy

Table 6. Ambiguity and Information Asymmetry

variable. This dummy variable takes a value of one if
the firm exhibits small size, low liquidity, or low IO
based on median values for each month. Our findings
reveal that the coefficients of HD are significant and
negative, consistent with previous results. Conversely,
the interaction term is significantly positive, indicating
that HD exhibits a weaker effect on crash risks for opa-
que firms (i.e., small size, low liquidity, or low IO). Spe-
cifically, in Model (1), the coefficients of HD are —2.62
and —1.51 (= —2.62+1.11) for large and small firms,
respectively. This suggests that crash risk sensitivity to
ambiguity is heightened for larger firms compared
with smaller ones. Moreover, analogous results are
observed for firms with high liquidity or IO.

Our results indicate that opaque firms have lower
NCSKEW, consistent with Chen et al. (2001), where
managers from opaque firms may face less scrutiny
from security analysts, leading to a more pronounced
positive-skewness effect. In contrast, managers who
face greater scrutiny are less likely to adopt information
disclosure strategies until the firms become more

Small size Low liquidity Low IO
) ) 3) @ ©) (6)
HD —2.62%** —2.05%** —2.54%%* —1.88*** —3.10%** —2.70%**
(—9.98) (=7.91) (—10.02) (—7.52) (—9.00) (—7.85)
HD x Dummy 1.11%* 1.16%** 0.95%** 0.89*** 1.16%** 1.08**
(3.60) (3.73) (3.16) (2.92) (2.65) (2.42)
Dummy —0.33%* —0.22%** —0.32%%* —0.24*%* —0.19%* —0.15%*
(—8.79) (—5.58) (—8.82) (—6.47) (—3.87) (-3.02)
Constant —0.00 —0.20%* —0.01 —0.13* —0.03 —0.50***
(—0.14) (-2.73) (—0.37) (—-1.82) (—0.88) (—5.04)
Controls No Yes No Yes No Yes
FEs (year and firm) Yes Yes Yes Yes Yes Yes
Cluster (firm) Yes Yes Yes Yes Yes Yes
Observations 74,213 74,213 74,213 74,213 52,034 50,940
R? 0.007 0.017 0.007 0.018 0.006 0.017

Note. FEs, fixed effects.
***p < 0.01; *p < 0.05; *p < 0.1.
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Table 7. Comparison Between HD and Other Ambiguity Measures

NCSKEW;4q
M 2 3) 4 ®)
HD, —2.07*%* —1.67%*
(—9.65) (=7.77)
HDSP; —2.67%%* —1.70%*
(—10.74) (—6.29)
VIX; 1.24%* 0.20
(8.34) (1.17)
Ut (mho) —4.23*%% —2.78*%*
(—12.48) (—6.46)
Constant —0.77%%* —0.89%** —0.97*** —1.10%** —1.02%%*
(—9.15) (—10.75) (—11.69) (—12.75) (—11.62)
Controls Yes Yes Yes Yes Yes
FEs (year and firm) Yes Yes Yes Yes Yes
Cluster (firm) Yes Yes Yes Yes Yes
Observations 54,257 54,257 54,257 54,257 54,257
R? 0.019 0.018 0.017 0.018 0.022

Note. FEs, fixed effects.
“4p < 0.01.

ambiguous. An increase in the degree of ambiguity leads
to a larger positive-skewness effect in transparent firms
compared with opaque firms. The coefficients of the
interaction items are significantly positive, suggesting
that the NCSKEW of transparent firms is more sensitive
to HD than that of opaque firms.

Next, we compare various measures of firm-level and
market-level HD in predicting the risks of market
crashes. Specifically, we compare the firm-level HD with
the market-level HD (HDSP), VIX, and Brenner and
Izhakian (2018) U (mho).® Measure HDSP is computed
based on the S&P 500 index, as illustrated in Figure 2. To
match firm-year observations, we derive the yearly aver-
age of the remaining ambiguity measures.

Table 7 show that all ambiguity measures are signifi-
cant at the 1% level when included alone, with negative
coefficients, except for the VIX. The R? values reveal
that the HD has a slightly higher value than the other
measures in capturing crash risks, indicating that the
HD contains more explanatory power than other mea-
sures. Interestingly, all ambiguity measures, except for
the VIX, remain significant when incorporated into a
unified regression analysis in column (5). Compared
with the other measures, the HD exhibits a compara-
tively lower percentage drop of 19% from 2.07 to 1.67 in
coefficient estimates, whereas other measures drop
more than 34%, implying that the HD is more infor-
mative in predicting crash risks. As such, our results
suggest that the HD has greater power in predicting
market crashes than other ambiguity measures.

In summary, we investigate the implications and
applications of ambiguity in the financial market as
an illustration. The aforementioned findings underscore
the significance of the ambiguity measure in providing
insights into crash risks at the firm level. Firms demon-
strating higher ambiguity measures typically exhibit less

negative skewness, implying a decreased probability of
encountering a crash. Managers of high-ambiguity com-
panies tend to adopt an asymmetric disclosure strategy,
characterized by withholding negative news while dis-
seminating positive news. This approach results in a
more pronounced positive-skewness effect (smaller
NCSKEW) or diminished crash-proneness. In the Online
Appendix, Section B, we further investigate the effect of
ambiguity on country-level crash risk and find conclu-
sions similar to those from the firm-level tests.

5. Conclusion

The measure presented in this paper makes contribu-
tions to the understanding and measurement of distri-
bution uncertainty. First, we emphasize the importance
of considering distribution uncertainty, in addition to
outcome uncertainty, highlighting the negative conse-
quences of not doing so. Second, prior works on ambi-
guity mostly examine subjective ambiguity aversion,
but we distinguish objective ambiguity and focus on
the examination of measuring it. Third, we propose a
measure of distribution uncertainty that can be used in
empirical research. This measure specifically targets
the limitations of existing measures, such as volatility
or entropy, by emphasizing incremental information
derived from distribution uncertainty.

One key contribution of this study is the demonstra-
tion of the properties and advantages of the HD mea-
sure. It enhances the accuracy and utility of existing
data analytics models by providing a more comprehen-
sive assessment of uncertainty. By incorporating the
HD measure into data analysis frameworks, research-
ers and practitioners can obtain more reliable parame-
ter estimates, leading to improved predictive models
and more informed decision-making processes. This is
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particularly valuable in domains where uncertainty
plays a crucial role, such as finance, where the ability to
accurately assess and manage distribution uncertainty
can significantly impact risk management strategies
and investment decisions. Furthermore, the study goes
beyond theoretical implications by providing practical
applications of the HD measure. Through an extensive
empirical analysis, this paper showcases the HD mea-
sure’s ability to offer new information and serve as a
valuable predictor of market crashes. This empirical
evidence demonstrates the real-world implications and
predictive power of the HD measure, highlighting its
potential as a practical tool for risk management and
decision support.

Overall, this research contributes to a deeper under-
standing of ambiguity in empirical research and offers
valuable insights for both research methodologies and
practical risk management. By introducing the HD
measure, the study addresses the need for reliable and
robust measures to effectively capture and quantify
distribution uncertainty. The implications of this work
likely extend to various other domains and disciplines,
providing researchers and practitioners with a power-
ful tool to enhance their data analysis models, improve
decision-making processes, and mitigate the impact of
uncertainty in their respective fields.

One limitation of this work is that this paper focuses
on a specific reference distribution of the measure.
Future work could examine other types of reference
distributions in other contexts. Incorporating a compar-
ative analysis of multiple reference distributions would
provide a more comprehensive understanding of their
strengths and weaknesses. Additionally, this paper pri-
marily focuses on quantitative measures of ambiguity
and does not extensively address qualitative aspects or
subjective perceptions of ambiguity. Incorporating qual-
itative research methods, especially those already exten-
sively used in the literature, could provide valuable
insights into individuals’ subjective perception of ambi-
guity and its impact on decision making.

Furthermore, although this paper highlights the prac-
tical applications of the HD measure in enhancing data
analysis models and decision-making processes, it does
not address potential challenges or limitations in imple-
menting these applications. Future research could
explore the practical feasibility and scalability of incor-
porating ambiguity measures in real-world scenarios,
considering factors such as data availability, computa-
tional complexity, and interpretability of results. Addi-
tionally, this paper primarily emphasizes the role of
ambiguity in the financial market, leaving room for
investigation in other domains, such as supply chain
management, marketing, or social sciences. Exploring
the applicability and effectiveness of ambiguity mea-
sures in these different contexts would broaden the
scope and relevance of the research.

In terms of future directions, it would be valuable to
investigate the dynamic nature of ambiguity and its
implications over time. Understanding how ambiguity
evolves, how it interacts with other factors such as mar-
ket conditions or external events, and how it influences
decision-making dynamics would provide deeper
insights into its multifaceted nature. Additionally, fur-
ther exploring the potential synergies between ambigu-
ity measures and other uncertainty-related concepts,
such as risk measures or information entropy, could
lead to a more comprehensive framework for capturing
and managing uncertainty. Moreover, considering
the rapid advancements in technology and data analyt-
ics, future research could explore the integration of
machine learning and artificial intelligence techniques in
ambiguity measurement and analysis, enabling more
sophisticated and accurate assessments of distribution
uncertainty. Overall, these future directions would con-
tribute to a more nuanced understanding of ambiguity
and its implications across various domains and facilitate
the development of practical tools and frameworks for
decision makers to navigate uncertainty effectively.
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Endnotes

' To put this into perspective, the estimated number of atoms in the
observable universe is about 10%° (Barrow 2002).

2 Both conditions are automatically satisfied by construction of the
HD measure.

3 Because of the simplicity of the simulation assumptions, we can
also calculate the ambiguity measure across years to obtain the
same result.

“ Note that CBOE constructs the VIX index based on the S&P 500
for a broader range of strike prices, whereas we use VXO because
of real-time availability since 1986. Additionally, VXO and VIX are
highly correlated, and we treat them interchangeably hereafter.

5 Because of the high correlation between NCSKEW and DUVOL,
our results remain consistent for both crash measures. In subse-
quent analyses, we omit the results of DUVOL for brevity.

6 We are grateful to Yehuda (Yud) Izhakian for sharing the data.
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