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The resale of used products presents the challenge of cannibalization, particularly pronounced in digital
goods markets where perfect substitutes are easily replicable. In this paper, we assert that, rather than
a threat, resale can serve as an effective pricing tool for managing heterogeneous demand. We consider
a seller of digital goods/services who offers a contract to a heterogeneous group of customers at a fixed
price for a specified amount of usage allowance. Rather than imposing restrictive sharing barriers, the seller
allows subscribers to share their allowances with others in a secondary market. Our analysis reveals that the
seller’s optimal strategy involves facilitating resale by eliminating transaction costs. The sharing contract
effectively achieves the same outcome as a two-part tariff, wherein subscribers pay an entry fee along with
a marginal usage rate. Both approaches generate equivalent revenue and market coverage, and result in
idential demand and individual surplus for customers of the same type. Consequently, the sharing contract
acts as a mechanism for price discrimination. Our finding provides a new perspective on peer-to-peer resales

and also challenges the conventional belief that successful price discrimination hinges on preventing resale.

1. Introduction
Conventional wisdom suggests that the resale of used physical goods, especially durable ones, provides
close substitutes for new goods and thus could cannibalize sellers’ profits in the primary market.
Empirical studies across various industries (e.g., Ghose et al. 2006 for used books, Chen et al. 2013 for
automobiles and Shiller 2013 for video games) also support this proposition. Firms are often forced
to take substantial efforts in curtailing such cannibalization. Common strategies include planned
obsolescence (Bulow 1982)—deliberate reduction of product durability, retail price markup of new
goods (GAO 2005), and frequent product updates (Yin et al. 2010).

In digital goods markets, cannibalization may be exacerbated for two main reasons: (1) sharing a

copy of the digital good does not prevent the sharer from enjoying it, and (2) shared or used digital
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goods are perfect substitutes for new ones. To address the first issue, digital rights management
(DRM) technologies have been developed to prevent unauthorized access to the product or service. For
instance, e-books downloaded to a Kindle account cannot be transferred to another device. However,
the second problem poses a greater challenge because a shared digital good functions identically to
the original copy. In this scenario, a primary market seller faces significant revenue loss as the seller
of the used product can offer a perfect substitute at a lower price.

However, digital goods also exhibit substantial distinctions from physical goods, and these unique
characteristics may offer potential solutions to cannibalization. On one hand, the resale of many
digital goods, such as downloaded video games and mobile data, can be effortlessly traced via seller
re-licensing and re-authorization, whereas obtaining such records for physical products once they are
sold is nearly impossible. This traceability of sold digital products makes it technologically feasible
for sellers to participate in and monetize the secondary market. On the other hand, sellers intending
to participate in the secondary market of digital goods have more tools at their disposal. One such
tool is the control over usage allowance, which is often a critical component of digital products,
such as mobile data for telecommunication services and storage space for cloud services.The usage
allowance provides sellers with a new avenue to navigate not only the primary market but also the
secondary market.

An increasing number of sellers have recognized the unique characteristics of digital goods and
begun allowing peer-to-peer resales. China Mobile Hong Kong (CMHK) launched an experimental
pricing scheme called “sharing pricing” in 2013. Under this scheme, subscribers of CMHK’s monthly
data plan, which offers a fixed allowance at a specified price, can resell unused allowances to other
subscribers via peer-to-peer trading on CMHK’s platform. As of mid-2018, it was estimated the
platform facilitates daily transactions in the magnitude of 10,000 GBs at an average price of HK$15
(approximately US$2) per GB (Huang et al. 2021).

This innovative pricing model diverges from the conventional approach to price discrimination (e.g.,
two- and three-part tariffs) adopted by most carriers. It also appears to challenge the conventional
belief that the success of price discrimination hinges critically on a firm’s ability to prevent a resale
market—a perceived necessary condition for the effectiveness of nonlinear pricing (e.g., Oi 1971,
Wilson 1993). (The quantity discount feature of nonlinear pricing can create arbitrage opportunities,
where a customer buying a large order can profit by splitting it into several smaller lots and reselling
them to others.) It seems paradoxical that a firm capable of implementing price discrimination with

tightly restricted resale would instead embrace resale, potentially jeopardizing its success.
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Similar instances of digital goods resale are evident in cloud storage services. Rather than adhering
to industry norms of offering bucket contracts that entail a fixed monthly fee for a specific storage
amount!, Livedrive, a subsidiary company of the Nasdaq-listed digital media company Ziff Davis
specializing in online cloud backup and storage service, provides a subscription plan for 5TB of
cloud storage at £39.95 per month? with a resale feature that enables subscribers to resell storage
allowances and share their total available space with others.

The above examples clearly illustrate the divided opinions among practitioners regarding the resale
of digital goods. Considering the advantages and disadvantages of digital goods, it remains unclear
from the literature to what extent their unique characteristics would support or hinder resales.

In this paper, we use a game-theoretic model to quantify a seller’s strategy in a secondary market
when the unique characteristics of digital goods can be exploited. Specifically, we consider a digital
goods seller who offers heterogeneous customers a contract of a digital good/service (e.g., e-books,
mobile data, or storage space) by charging a fixed price for a specific amount of usage allowances.
The novel feature of this contract is that subscribers are allowed to share their allowances to others
in a peer-to-peer resale market at a transaction cost that is determined by the seller. We thus refer
to this contract as a sharing contract.

We characterize the optimal sharing contract and evaluate its performance. Contrary to existing
literature, we find that the digital-goods seller’s optimal strategy is to charge zero transaction cost.
In other words, the seller should consciously promote resale and should not make any profit from
resale transactions. We show that the optimal sharing contract performs the same as the optimal
two-part tariff, in which subscribers pay an entry fee for access to the service and a marginal rate
of usage. Not only do the two contracts yield identical revenue, they also result in the same market
coverage and the same demand and individual surplus for customers of the same type. Therefore,
the sharing contract establishes price discrimination and is essentially a form of nonlinear pricing.

Our findings demonstrate how the distinctive features of digital goods can be utilized to address
challenges arising from digitization. In our model, the digital goods seller has the technical capability
to monitor all secondary-market allowance exchanges, ensuring that no resale revenue goes unnoticed.
However, despite this traceability, the seller does not tax on each resale at all. This outcome suggests
that traceability of digital goods is not crucial for managing resales, as the seller does not profit from

it at optimality.

! For example, Dropbox, a file hosting service provider, offers 2TB of cloud storage for $9.99 a month.

2 https://www2.livedrive.com /ForResellers



We argue that the usage allowance effectively prevents profit loss from cannibalization: the seller
utilizes the allowance in conjunction with the price to regain revenue upon initial sale of the sharing
contract. Specifically, the seller determines the optimal allowance to ensure that the total supply
to all subscribers matches the total usage induced by the optimal nonlinear contract. This choice
of allowance results in a market-clearing resale price that is identical to the marginal rate of the
optimal nonlinear contract. Subscribers seeking additional data purchase from those with unused
allowances at the same cost they would have paid to the seller in a nonlinear contract. In anticipation
of subscribers’ resale revenue, the seller raises the price of the sharing contract to recoup the “lost”
revenue from resales. Consequently, resale does not compromise the seller’s revenue and performs
comparably to the optimal nonlinear contract, which is recognized as an effective pricing strategy for
managing heterogeneous demands (e.g., Oi 1971, Schmalense 1981, Rochet and Stole 2002).

Our work offers a new perspective on understanding the peer-to-peer resales and sheds new light
on price discrimination. First, the sharing contract is a vehicle of price discrimination. Although it
charges an a priori non-discriminatory price to all customers, peer-to-peer resale plays the discrim-
inatory role of re-allocating the total supply to customers with heterogeneous demand. Second, our
findings demonstrate the possibility of second-degree price discrimination even within a resale mar-
ket. Conventional wisdom suggests that successful second-degree price discrimination, or equivalently
nonlinear pricing, relies on preventing resale (e.g, Oi 1971, Wilson 1993), since the quantity discount
nature of nonlinear pricing may cultivate arbitrage opportunities such that a customer buying a large
order profit from breaking the order into several smaller lots and reselling them. However, our results
suggest that the existence of a secondary market does not necessarily hinder the success of price
discrimination. With price discrimination implemented through the sharing contract, resale becomes
a necessary condition for success.

Despite the theoretical equivalence, sharing pricing and nonlinear pricing may not be used inter-
changeably in practice. The specific nature of the digital good has to be taken into account. Conven-
tional nonlinear pricing schemes, such as two- and three-part tariffs, typically rely on the marginal
rate to differentiate customers based on their demands. This approach is appropriate when a cus-
tomer’s actual consumption can be accurately measured, such as mobile data usage. Thus, nonlinear
pricing may have an edge over sharing pricing due to the additional infrastructure cost of a trading
platform. This is consistent with the CMHK’s fade-away of its user trading platform.? However, it
can be challenging for many digital goods to have a consensus on the user’s consumption. Consider

cloud file hosting services, where individual storage space usage may vary significantly as users add

3 CMHK discontinued the platfrom in 2019.
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or remove files. In such cases, adopting a two-part tariff may lead to ambiguity in defining actual
usage—whether it’s the maximum used space within a given time period, the average used space,
or the space used at a specific time each month. This ambiguity arises because customer usage in
cloud storage services may increase or decrease in a defined period of time, whereas the usage of
other digital goods such as mobile data only increases. In light of this, sharing pricing emerges as an
effective approach to monetizing from heterogeneous customers, particularly when their consumption
levels may fluctuate either upward or downward in the measuring time frame, such as cloud storage
services. This provides a theoretical explanation of Livedrive’s long-lasting commitment to its reseller
program since 2010.

The rest of the paper is organized as follows. Section 2 reviews relevant literature on nonlinear
pricing and market resale. In Section 3, we use a simple example with two types of customer to
illustrate the equivalence of sharing pricing and two-part tariffs and to elaborate the rationale of
equivalence. A model with a general class of continuous customer heterogeneity is presented and
solved in Section 4. We prove the equivalence of the continuous model and generalize the results in
Section 5. Section 6 explores how consumer psychological costs may affect effectiveness of sharing

and nonlinear contracts before making several concluding remarks in Section 7.

2. Related Literature

Our work is related to nonlinear pricing for price discrimination. In his influential work, Oi (1971)
reveals that a two-part tariff not only is efficient in fulfilling customers’ heterogeneous demands but
also achieves a higher profit than a flat rate, which can be considered as a special case of the bucket
pricing with an unlimited allowance. We refer to Wilson (1993) for a comprehensive overview of early
studies in nonlinear pricing.

Recent studies on nonlinear pricing focus on the rise of three-part tariffs in telecommunication
services and explore their advantages over two-part tariffs. First, the “free” allowance in a three-part
tariff elevates customers’ valuations of the service and thus increases the provider’s revenue (Ascarza
et al. 2012). Second, three-part tariffs are often more efficient than two-part tariffs thanks to the
additional instrument—allowance. It has been shown that a small menu of three-part tariffs can be
more profitable than a menu of two-part tariffs of any size (Bagh and Bhargava 2013). Moreover, a
menu of three-part tariffs just performs as well as any nonlinear pricing mechanism when there are
only two types of customers (Masuda and Whang 2006). Third, the fixed allowance in a three-part
tariff allows the service provider to exploit customer demand uncertainty. Grubb (2009) proves that

three-part tariff is an effective nonlinear pricing scheme for the service provider when customers
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exhibit a tendency to overestimate the precision of demand forecasts and hence underestimate the
variance of future demand. Empirical work also esitmates the revenue gain a service provide may gain
from consumers’ biased expectations and inattention to usage (e.g., Grubb 2012, Grubb 2015, and
Grubb and Osborne 2015). It also has been shown that demand uncertainty motivates customers
to choose a three-part tariff with a larger allowance (Lambrecht et al. 2007) or a flat-rate unlimited
plan (Lambrecht and Skiera 2006) even though a tariff with a smaller allowance indeed is a better
choice. Yet, customers are able to learn their demand variations (Miravete 2002), despite some level
of errors (Gopalakrishnan et al. 2015).

Although three-part tariffs are prevalent, it is challenging to characterize their optimal terms both
in theory and empirically. Fibich et al. (2017) give out the first closed-form solution when customers
are of two segments. Bhargava and Gangwar (2018) later propose a reformulation of the revenue-
maximization problem for a general class of customer heterogeneity and structurally connect the
optimal three-part tariffs and optimal two-part ones. We refer to Iyengar and Gupta (2009) for a
detailed review on the empirical-driven difficulties of calculating optimal nonlinear pricing schemes.

Our paper contributes to the nonlinear pricing literature by describing a novel and non-
discriminatory approach to price discrimination with a resale market—sharing pricing. We show that
this novel mechanism is equivalent to nonlinear pricing in a frictionless resale marketand we establish
the rationale for the equivalence. Huang et al. (2021) consider user trading that is similar to the
sharing pricing. They rationalize the peer-to-peer sharing as a remedy for consumer overage disutility.
In contrast, we demonstrate that peer-to-peer sharing can be an approach of price discrimination.

Peer-to-peer sharing also resembles the resale of used goods in a secondary market. Early stud-
ies believe that a secondary market may cannibalize the primary market (see, e.g., Levhari and
Srinivasan 1969 and Rust 1986 for theoretical analyses and Hendel and Lizzeri 1999 for empirical
evidence). Further reflection suggests that a secondary market may also increase primary demand,
instead of cannibalizing it, if customers are strategic and anticipate a resale value (e.g., Hendel and
Lizzeri 1999, Ishihara and Ching 2019). While firms can adjust their product upgrade frequencies to
counteract peer-to-peer resale (e.g., Yin et al. 2010 for myopic customers and Guo and Chen 2018 for
forward-looking customers), they may also take advantage of a secondary market to implement price
discrimination (Anderson and Ginsburgh 1994) or coordinate channels (Desai et al. 2004, Shulman
and Coughlan 2007). A fundamental difference between our paper and the literature on secondary
markets of used goods is that the value of the resold goods does not depreciate in our setting.
Therefore, customers’ inter-temporal valuations do not play any role. Moreover, we consider a case

where customers consume multiple units of the goods. The provider thus has one more instrument to
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leverage—the usage allowance. As we will show, this additional instrument helps establish the effect
of price discrimination.

Secondary markets may also exist among retailers. When inventory is in shortage or excess, resale
may occur among retailers to match supply with demand. This practice is often referred to as
transshipment. One stream of research in transshipment concerns retailers’ inventory stocking and
allocation policies, e.g., Anupindi et al. (2001), Rudi et al. (2001), Granot and Sosi¢ (2003), Sosi¢
(2006), Comez et al. (2012). The other stream investigates the impacts of transshipment on the
profitability of supply chain members. Lee and Whang (2002) show that while transshipment among
retailers improves market efficiency and benefits retailers, its impacts on the upstream manufacturer
is indeterminate when the wholesale price is held exogenous. Dong and Rudi (2004) further point out
that transshipment can also improve the manufacturer’s profit if transshipment occurs among outlets
of a chain store and the wholesale price is endogenously chosen. We refer to Paterson et al. (2011) for
a detailed discussion on transshipment. Although the literature in this line of research is enormous,
impacts of pricing schemes are usually of little interest since linear pricing, i.e., charging an exogenous
wholesale price for each sold unit, is the convention in supply chains. However, our work captures
the interaction between the provider’s initial pricing choice and the underlying reselling dynamics

and investigates the effectiveness of different pricing schemes for heterogeneous customers.

3. An Illustrating Example: The Case of Two Customer Types

In this section, we illustrate graphically the equivalence of nonlinear pricing, in particular a two-part
tariff, and peer-to-peer sharing pricing in a frictionless resale market. This simple two-type model not
only visualizes the equivalence of the two contracts but also demonstrates the essential reason behind
why such an equivalence holds—the one-to-one correspondence of marginal prices and aggregate
demands. The same intuition applies when customer types follow a continuous distribution. However,
the algebra is much more cumbersome; we discuss it in Section 5.

Suppose there are two customers: one customer is the high type with a valuation parameter 6;;
the other customer is the low type with a valuation parameter 6, (6, < 6)). The demands of the two
customers are described in Figure 1(a) as d; =60; — p, i € {l, h}, where p is the unit marginal price of
the goods. The light blue bold line represents the aggregate demand of both customers as a function
of p. The provider cannot recognize the customers’ types and offers a uniform contract to both. For
digital goods, we assume that the marginal cost is zero, and it is optimal to serve both customers.*

We first review the design of an optimal nonlinear contract, i.e., a two-part tariff. For a given entry

fee, points C, D, and E in Figure 1(a) exhibit the low-type, high-type, and aggregate demands at a

41t is indeed optimal to serve both customers if additional conditions on 6; and 0}, are imposed.
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Figure 1 Optimal Contracts: Two Types of Customers
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marginal price p, respectively. The provider’s total revenue from the marginal charge is thus equal
to Apero = Apccro + Asppro, where Agccoro and Agppro denote the areas of the polygons and
they represent the revenue contributions from the low- and high-type customers. The low and high
types collect surpluses of A;cp and Agpg, respectively. Next, we turn to the choice of the entry fee.
It is evident that in the case where both customers are served, the highest entry fee must be the
one where the provider extracts all surplus from the low-type customer. Graphically, this means that
the entry fee is equal to the area of triangle LCB, i.e., Arcp. Consequently, the optimal two-part
tariff maximizes the entry fee from both customers plus the revenue from marginal charges; i.e., it
maximizes 2A;cp + Apprro. In the case of Figure 1(a), the optimal entry fee is (36, —6),)? /8, and the
optimal marginal price is (65, —6,)/2, which leads to the low- and high-type demands d;, = (36, —6},)/2
and dj, = (6, + 05) /2, respectively.

We next discuss the optimal sharing contract and elaborate its equivalence to a two-part tariff.
The service provider still charges an entry fee but not a marginal price. Instead, the entry fee entitles
customers to a usage allowance of () units of the goods. Moreover, customers are allowed to trade
their allowances freely on a resale market where their heterogeneous demands are fulfilled via a
market clearing mechanism. The service provider has no direct control over the peer-to-peer sharing
market, but she determines the entry fee and the associated allowance () to maximize her revenue.

Figure 1(b) illustrates the design of a sharing contract. Without loss of generality, let us consider
an allowance @ € [0;,0;,] (thus a total supplied allowance of 2Q)) and focus on the sharing market
dynamics.® In this case, the low-type customer’s utility-maximizing consumption level is equal to 6,
units, which results in Q@ — 6, units of unused allowance. Meanwhile, the high-type customer uses up all
of their allowances and is still interested in having more for a higher utility. The supply and demand

sides of a resale market are thus formed. Now consider how the unit resale price, or equivalently

STt is straightforward to show that the optimal allowance must be between 6; and 6},.
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the market-clearing price, arises. For the high type, his demand curve is still d, =6, — p, which is
represented by line ()’D. The low type apparently has no problem with giving away ) — 6, units for
nothing. Yet he could be more strategic to sell more than () — 6; units. Note that when selling more
than @) — 6, units, the low-type customer’s utility declines as his consumption drops. As a result, the
reduction in his utility becomes the cost of his supply to the resale market, and they both change at
the same rate. Specifically, DD’'G depicts the supply cost and the symmetry of DD'G with CLC’
with respect to Q'Q reflects its equivalence to the reduction in low type’s utility. Correspondingly,
G D represents the low type’s supply curve. Therefore, the intersection of the demand curve Q'D
and the supply curve GD defines the market-clearing equilibrium at point D, whose vertical and
horizontal coordinates represent the equilibrium market clearing price and the high type’s demand,
respectively. As a result, the utility of the high type equals to Apggo + Ag/pr, Where Agipr
is his utility gains from the peer-to-peer resale. For the low type, the horizontal coordinate of C
corresponds to his effective usage allowance after resale. Therefore, the utility of the low type equals
to Arccro + Arpprg, where Appp/q is his utility gains from the peer-to-peer resale.

With an understanding of the sharing market, we now consider the choice of the entry fee. Again,
we use Figure 1(b) for elaboration. As with the two-part tariff, the service provider sets the entry
fee so that the low-type customer earns zero surpluses. Since the low-type customer earns a utility
of Apccro +Arpprg and Appprg = Acrger by symmetry, the entry fee for a given (@) is thus equal
to Arccro + Acrger, which can be rewritten as Arcp + Aprgo. Next, let us examine the effect
of the allowance choice on the sharing contract. As () increases, i.e., QQ' shifts right, there are
more supplies from the low type, and the market-clearing equilibrium D shifts downward along Q'D.
As a result, Apcp and Agppgo both vary as the allowance () changes. The service provider thus
sets the allowance () to maximize her total revenue 2(Apcp + Aprgo) from both types. Moreover,
since the aggregate demand equals the total allowance 2() under the market clearing mechanism,
i.e., BE =2BF, then Apgprpo = 2Aprgo. Consequently, the optimal trading contract effectively
maximizes 2Arcp + Apprro—the same objective as the optimal two-part tariff. Therefore, we have
the equivalence of the two contracts. It can be further shown that the optimal allowance Q* = 6,
and the resulting market clearing price equals (0}, — 6;)/2, which coincides with the optimal marginal
price under the optimal two-part tariff. The low type consumes d; = (360, — 6;,)/2 units of allowance
after selling (0, — 6;)/2 units to the high type, who consumes dj = (6, + 05,)/2 units in total with
(05, — 6;)/2 units purchased from the resale market.

Although the nonlinear two-part tariff and the sharing contract are implemented in seemingly

distinct ways—one offering discounts for large volume consumption and one charging a uniform price
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to all, they are in fact equivalent. Figures 1(a) and 1(b) demonstrate this equivalence by geometrically
showing the two pricing schemes’ identical revenue-maximizing objectives, which can be achieved by
choosing the position of E¥ on the aggregate demand curve. The one-to-one correspondence between
the marginal price and the aggregate demand ensures that only one of them needs to be maneuvered
for optimality. As shown in Figure 1(a), the nonlinear two-part tariff controls the position of E
by setting the marginal price, which leads to the optimal aggregate demand and is also directly
used to differentiate customers according to their heterogeneous demands. In contrast, the sharing
contract in Figure 1(b) adopts another approach: it controls the total supply, and thus the aggregate
demand, by consciously setting the allowance and relies on the peer-to-peer resale to fulfill customer
heterogeneous demands. In sum, the one-to-one correspondence between the marginal price and the
aggregate demand paves the way for the equivalence.

In comparison with the nonlinear two-part tariff, the sharing contract imposes a non-discriminatory
price for all customers despite their heterogeneity. Moreover, the sharing contract does not pro-
hibit a resale market. In fact, it takes advantage of resale to discriminate in meeting heterogeneous
demands. However, its efficiency may depend on the potential market friction in the peer-to-peer
resale process—an issue nonexistent for a nonlinear two-part tariff.

In the rest of the paper, we generalize and extend the equivalence of the nonlinear contract and
the sharing contract to the case where customer types follow a continuous distribution. We show that

the key insight and intuition remain true with more realistic assumptions.

4. Model Description and Optimal Contract Design
In this section, we will first layout the micro-model of customer consumption decisions and then
characterize the optimal contracts. Specifically, we will consider the optimal terms of the sharing

contact and the nonlinear contract. We also provide the analysis of the bucket contract in EC1.

4.1. Customer Profile
Consider a monopoly (she) that offers a service contract to potential customers. We assume that the
marginal variable cost of the service is zero once the facility and infrastructure are established and
the maintenance cost is approximately fixed. This assumption is often valid for digital goods, such
as e-books, cellular data and cloud storage (e.g., Essegaier et al. 2002, Sundararajan 2004, Bhargava
and Gangwar 2018).

Without loss of generality, we normalize the total market size to one (e.g., Essegaier et al. 2002,
Bhargava and Gangwar 2018) and assume customers are infinitesimal relative to the market size.

Customers have heterogeneous valuations for the goods. For each unit consumed, a type-0 customer
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(he) receives a reward of 6, which follows a continuous and differentiable distribution F(-) with an
increasing failure rate (IFR) on [0,0]. For tractability, we also need F'(-) to have the structural
property indicated in Assumption 1. Let us define two ancillary functions from the customer valuation

distribution F(x). Denote G(-) and g(-) as

_ dG(x) F(x)

()dt de / ’ F(t)dt

)

/z F(t)dt
G(z) = Oef and g(x)
F

J

where x € [0,0] and F(x) = 1— F(x). Note that G(z) and g(z) can also be interpreted as a cumulative

distribution function and its probability density function, respectively. Therefore, we can also define
glr)  F(z)

Gla) / ° F(t)dt

as the failure rate of G(-).

ASSUMPTION 1. G(-) has an increasing failure rate (IFR), i.e., g(x)/G(x) increases in x, and its

failure rate is no less than that of F(-), i.e., g(x)/G(x) > f(x)/F(z) for any x € [0,0)].

Assumption 1 is relatively mild. Many distributions with IFRs in the literature (e.g., uniform,
normal, and exponential) induce G(+)’s that satisfy Assumption 1. In Sections 4.2 and 4.3, specifically
Propositions 1 and 4, Assumption 1 allows us to derive analytical pricing expressions for general
heterogeneous distributions under the sharing and nonlinear contracts.

We define the utility received by a type-6 customer as

u(d|8) = 6d — %dQ, (1)
where d is the demand for the goods. The quadratic term d?/2 implies a diminishing marginal value
of per-unit consumption. For example, health hazard from phone use is expected to increse with the
time a customer spends on the phone, leading to a decreasing net marginal return. We acknowledge
that a quadratic cost function might be restrictive, but it is helpful in establishing useful insights
(see, e.g., Rochet and Stole 2002 and Desai et al. 2018 for analytical modeling and Lambrecht et al.
2007 for empirical work).

Let ¢(d| @) be a type-0 consumer’s total service fee paid to the provider. All customers simultane-

ously decide whether to subscribe.® A customer’s consumption d*(#) maximizes the net surplus
1
s(d|9):u(dw)—c(d|9):9d—§d2—c(d|0). (2)

Note that the total cost ¢(d | ) depends on the terms of the contract and its corresponding fee

structure. Specifically, we compare two contracts: (7) a sharing contract, in which the provider charges

S For simplicity, we assume that the customers choose to subscribe when they are indifferent.
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ps for allowance up to ), units, but allows subscribing customers to resell unused goods to one
another; and (7¢) a nonlinear contract, in which the provider charges p,, for a consumption allowance
up to @, units and a unit overage price p, for any consumption in excess of the allowance. In
particular, when @), = (>)0, the nonlinear contract is a two(three)-part tariff.

The provider offers a contract without observing the type of a consumer. Hence, she is not able to
implement perfect price discrimination. However, the provider has full information of the customer
type distribution F'(-) and takes it into account when designing the optimal contract terms.

We characterize the optimal sharing and nonlinear contracts in Sections 4.2 and 4.3, respectively.

4.2. Sharing Pricing

In this subsection, we consider the sharing contract, which resembles bucket pricing by offering
heterogeneous customers a uniform contract with an allowance ), at a price p, but differs from it by
allowing peer-to-peer resale via a sharing platform established by the service provider. We allow the
service provider to charge a unit allowance transaction fee ¢, from both parties of a resale. However, as
we will show later, the provider has no incentive to impose a positive ¢, at the optimality.” Following
the convention in the literature of resale (e.g., Lee and Whang 2002, Yin et al. 2010), the equilibrium
sharing price, denoted as py, is assumed to arise via a market clearing mechanism and the peer-to-peer
sharing market is efficient with no friction other than the potential transaction fee ¢,.

Let d,(0) represent a type-6 customer’s demand. Then, we can write his total cost as

¢s(ds |0) = ps +Ds - (ds(0) — Qi) + 15 - |ds(6) — Qs (3)
which includes the payment to the service provider p,, the cost or revenue from resale, and the
transaction fee in the sharing process. Conditional on the fact that this type-6 customer subscribes
to the sharing contract, he purchases more of the goods in the sharing market if d,(f) — Q. > 0 and
incurs a higher cost than p,. Otherwise, d,(f) — Qs < 0 and he sells some of his allowance in the
sharing market and thus profits in the sharing resale market, which results in a lower cost than p;.

Given the cost function in (3), the surplus of a type-0 customer can be expressed as
1 .
SS(dS | 9) :u(ds | 0) - CS(ds | 0) =0d, — §d§ — Ds *ps(ds - Qs) —ts- |d8(9) - Qs| (4)
and she solves maxy, >o Ss(ds | 6) for the optimal demand d*(#) and subscribes if s (d* | 6) > 0.

To avoid the trivial case where no one is in need of extra goods, i.e., d*(0) < Q, for any 6 € [0, 9],

we make the following mild and plausible assumption when considering the sharing contract.

ASSUMPTION 2. The allowance Q, in the sharing contract is no more than the maximum total

o
demand of all customers; i.e., Q, < E[6] :/ 0f(0)do.
0

" This result still holds even if the transaction fee is unilateral, i.e., paid by either the buyer or the seller.
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In the absence of any cost, the utility function in (1) implies that a type-f customer’s demand

S}
equals 0. Therefore, the potential total demand from all customers is no more than / 0f(0)do. 1t
0

o
is evident that no one needs additional allowance if ()5 > 6f(0)do.
0

PROPOSITION 1. If Assumption 1 holds, there exists an optimal sharing contract with t, =0.

Proposition 1 ascertains that it is in the provider’s best interest to eliminate frictions in the sharing
market—a strictly positive transaction fee t, restrains the provider’s pricing power of setting a high
initial price p;. As the transaction fee ¢, diminishes, reselling becomes more seamless. On the one
hand, low-type customers could take advantage of reselling to earn a greater surplus. On the other
hand, high-type customers could purchase more of the goods and enjoy more. Since sellers and buyers
both benefit from a lower transaction fee, the service provider can improve her revenue by selling a
more expensive sharing contract in the first place. Assumption 1 implicitly ensures that raising the
sharing contract price is always more effective than imposing a transaction fee.

Proposition 1 has a significant managerial implication: the traceability of digital goods is not
essential to maneuver the impact of resales. At the optimal solution, the seller is not necessarily
taking a cut from resale and only needs to profit from sales in the primary market. In other words,
although our model assumes the peer-to-peer sharing market is curated by the seller, our results
stay intact as long as resales take place in a free market (rather than in a market managed by a
profit-maximizing third party).

Proposition 1 facilitates the characterization of the optimal sharing contract. Without loss of
generality, we restrict our attention to a frictionless sharing market and omit the transaction fee
in the rest of the paper. The next lemma characterizes customers’ subscription and consumption

decisions in this frictionless sharing market.

LEMMA 1. Assume that the service provider offers a sharing contract (ps,Qs). There exists a
unique 0, such that customers subscribe to the service if and only if > 0,. The subscriber’s demand

satisfies d*(0) = max{0 — p,,0}, where p, is the market clearing price of a unit of the good.

Lemma 1 first shows that customers’ subscription decisions retain a threshold structure: only
those who value each unit of the goods more than 6, subscribe. Moreover, Lemma 1 pinpoints the
dependence of each type’s optimal consumption level on the market-clearing price.

It is worth mentioning that the sharing process may enable arbitrage opportunities and speculative
resale: some customers may subscribe but not use any of the allowances and sell it all to others.

However, it is challenging to characterize explicitly when speculators may exist in equilibrium or even
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demonstrate the existence of a resale market equilibrium. The difficulties arise from the endogeneity
and nonlinearity of the supply and the demand in the resale market with respect to the contract
parameters. To overcome the technical obstacles, we first explore the structural properties of an
equilibrium. Using these properties, we construct the candidate equilibria with and without specula-
tors and then demonstrate their validity and uniqueness. The next lemma summarizes the structural

properties of the emerging market-clearing equilibria that may or may not involve speculators.

LEMMA 2. Assume that the service provider offers a sharing contract (ps, Q). Let 0, represent the
cutoff so that customers of type 6 > 0, subscribe and D% be the equilibrium market clearing price.

(i) The sharing market has an equilibrium with speculators; i.e., some subscribers resell all their

allowances at a unique market clearing price pt >0 if and only if pt > ps/Qs and 0 < 0, < ps.

Moreover, p% and 0, must satisfy the following equality

Q.F(8)+5:F ) = | 07(6)db. (5)

P

(ii) The sharing market has an equilibrium without speculators; i.e., all subscribers consume some
of the allowance and there is a unique market clearing price pt >0, if and only if 0 < p* < p,/Qs

and 6, > pi. Moreover, p% and 0, must satisfy the following equality

Q.F(8,)+ 570, = [ 0£(0)b. ©)

Os

Lemma 2(i) quantifies two necessary conditions for the existence of speculators, i.e., those sub-
scribing to the service but resell all their allowances. First, speculators are present only if the market-
clearing price is no less than the average unit price derived from the sharing contract, i.e., if p¥ >
ps/Qs. Otherwise, reselling is not profitable at all for speculators. Second, the fact that speculators
do not consume any of the goods also suggests that their intrinsic valuations 6’s are less than the
per-unit payoff from reselling; i.e., 6, < 6 < p*. Otherwise, consuming some of the goods contributes
more to their net surplus than selling them in the sharing market. In contrast, Lemma 2(ii) depicts
the complementary case that there are no speculators.

Lemma 2 shows possible equilibria under sharing but does not specify when a specific equilibrium

arises. The next proposition provides a sufficient and necessary condition for a sharing equilibrium.

PROPOSITION 2. Assume that the service provider offers a sharing contract (ps,Qs).
(i) The sharing market has a unique equilibrium with speculators if and only if 0 < Q, < Q,(ps, Qs);
(ii) The sharing market has a unique equilibrium without speculators if and only if Qs > Q. (ps, Q)

and p,/Qs +Qs/2< 0,
©

where Qu(pos Q)= [ 05(6)d8) Flp./Q.) = p./@Qu.

S/QS
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Proposition 2 structurally connects a sharing contract (ps,@s) with a possible equilibrium
via Q,(ps,Qs). We acknowledge that Q,(ps,Q,) is homogeneous of degree 0, i.e., Q,(ps,Q,) =
Q,(kps, kQ,) for a scalar k. This property is profound in characterizing the optimal sharing contract.
We next show which of the two forms of equilibria, sharing with or without speculators, may yield a
higher revenue for the provider.

According to Lemma 1, customers’ subscription decisions have a threshold structure; we thus write

the provider’s revenue-maximizing problem as

max 1L (ps, Qs) =ps - F(0s(ps,Qs))  s.t. ps >0 and Q, >0, (7)

Ps,Qs

where 6,(p,, Q) is the cutoff for customer subscriptions as identified in Lemma 1.

PROPOSITION 3 (Optimal Sharing Contract). It is optimal to offer a sharing contract so that
there are no speculators subscribing in equilibrium. Under such an optimal sharing contract,
(i) the provider offers an allowance of Q% units, where Q* is the solution to
Jo.00)d0_ F(Q.)
2F(Q,)  f(Qs)’

_ 2
and charges p} = QQSQ +% <2ﬁgf>) - Q:) ;

(ii) the resulting equilibrium market clearing price pt = /2pt — Q*2;
(iii) customers subscribe to the service if and only if 0 > 0F = Q* and d*(0) = 6 — p > 0.

Proposition 3 first confirms that a sharing market with speculators is not financially desirable for
the service provider. All earnings that speculators are able to pocket are losses of revenue that the
service provider could otherwise obtain. The service provider can effectively price out speculators by
offering a large allowance and indirectly inducing an unprofitable market clearing price for specula-
tors. Specifically, let us assume that the service provider offers a sharing contract (p,, @) that results
in a sharing market with speculators in equilibrium. By definition, speculators do not consume any

of the goods but only resell them. Therefore, for speculators of type 6,
ss(ds=0]0)=u(ds=01]0) —c,(ds=0]0) =p,Q, — ps >0,

where p, is the market clearing price under (ps, Q).

We now construct a sharing contract based on (ps, @) to induce a sharing market without spec-
ulators. Let us scale up the price and the allowance of the sharing contract simultaneously by a
multiplier of & > 1. The speculators’ surplus under the new sharing contract (kps, k@) can be written
as s5(ds =0|0) =p.kQs — kps, where p, is the new market-clearing price. Since the service provider
offers a larger allowance to all subscribers, this, on one hand, increases potential supplies on the shar-

ing market. On the other hand, it also reduces potential demands on the sharing market. Thus, the
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market-clearing price p, decreases as k scales up and so does ss(ds =0 | 0) = pLkQs — kps. At the point
k is large enough such that kQ, > Q. (kps, kQ.) = Q,(ps, Qs), Proposition 2(ii) implies that specula-
tors do not exist any more. Although eliminating speculators reduces the number of subscribers, the
increased contract price is more than enough to offset the loss and it increases revenues.

The next corollary identifies buyers and sellers in the peer-to-peer sharing market.

COROLLARY 1. When the sharing market reaches an equilibrium, subscribers of type 0 € (Q* +

p%,0] buy extra goods from subscribers of type 6 € (0%, Q* + pr).

4.3. Nonlinear Pricing

In this subsection, we consider the nonlinear contract. Like the bucket and sharing contracts, the
nonlinear contract also specifies a base price p,, for an allowance up to @,,. In contrast to the bucket
contract, a nonlinear contract allows subscribers to go beyond the allowance at a unit overage price
Pn- The nonlinear contract we consider is often referred to as a three-part tariff since it is defined
by three contract parameters (p,,Qn,P,). The most common form of nonlinear contracts, two-part
tariffs, is a special case of three-part tariffs when @,, = 0. For a given nonlinear contract (p,,, Q,,Dn),

a type-0 subscriber who uses d,, units of the goods incurs a cost of
For given p,, @,, and p,, a subscriber solves the following problem

1
max Sn(dn | 6) = u(dn | 0) - Cn(dn | 9) = adn - idi —Pn _ﬁn(dn - Qn)+ (9)

dn>0

for her optimal demand, which is summarized below.

LEMMA 3. Assume that the service provider offers a nonlinear contract (pn,Qn,Dn). If a type-0

customer subscribes, her optimal consumption level satisfies
0, if 0<0<@Q,

d,(0) = Qu., if Qun<0<pn+Qn (10)
0 —p,, otherwise.

Note that Lemma 3 characterizes customer demands only if they do subscribe to the service, but

it does not say who subscribes. Our next result identifies the subscribers.

LEMMA 4. Assume that the service provider offers a nonlinear contract (pn,Qn,Pn). A nonzero
fraction of customers subscribe if and only if p, < %(@ — Pn)? + D@, Specifically, there exists a

unique 6, such that customers subscribe to the service if and only if 6 > 6,,, where

V2Pn, if0<p,<Q}/2
O =13 Pn/Qn+Qun/2, if Q)2 <pn <PnQn+ Q2 /2 (11)

ﬁn + V 2(pn _ﬁnQn)a ZfﬁnQn + Qi/Q Spn < %(6 _ﬁn)z +ﬁnQn
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By Lemma 4, we can write the provider’s revenue-maximizing problem as follows

o S
maXA Hn(pn7 Qnaﬁn) :pnF(en) +ﬁn/ _ [(9 _ﬁﬂ> - Qﬂ]f(g)de (12)
Pn,Qn,Pn max{0n,pn+Qn}
s.t. Pn >0, Q, >0, and p, >0,

where 6, represents the fraction of customers who subscribe to the service as identified in (11).
The first term p, F (én) of 1L,,(pn, @n,Pn) accounts for the revenue from service subscriptions and
the second term p, / [(0 —Pr) — Qn]dF(0) captures the provider’s revenue from overage surcharges.
The lower limit max{H_n, Pn + @Qn} of the integration specifies the subscribers who use more than the
allowance Q,, units. If 6,, < p,, + Q,,, by (10) only those of 8 > p,, + @Q,, pay for overage; otherwise, all
subscribers consume no less than the allowance.

It is difficult to derive a closed-form solution to the revenue-maximization problem in (12). Both
Fibich et al. (2017) and Bhargava and Gangwar (2018) show that the revenue surface is highly non-
linear and non-differentiable with potentially multiple local optima. Fibich et al. (2017) characterize
the closed-form solutions for markets with homogeneous customers or only two types. Bhargava and
Gangwar (2018) propose a reformulation for a general case of heterogeneous customers and apply
it to obtain analytical solutions when the heterogeneity follows some specific distributions. We take
a constructive approach by imposing Assumption 1—a slightly more restrictive condition than that
in Bhargava and Gangwar 2018 and employing the duality theory. Our approach first identifies the
only possible interval in which the optimal solution can lie. We then eliminate the possibility that

this optimality occurs at an interior point of the interval and thus confine the optimal solution to the

boundary. We next explicitly characterize the solution to (12) for general customer heterogeneity.

PROPOSITION 4 (Optimal Nonlinear Contract). Suppose that Assumption 1 holds. Under the

optimal nonlinear contract,

(i) customers subscribe to the service if and only if her type 0 > é:;, where 9_; 1s the solution to

5, TP @)

2F(0,)  f(6)
(ii) the optimal price p: and the optimal allowance Q% are all solutions to
(0, =)’
2
@ — — —
where p, :[ 0f(0)do)F(0")— 0 is the optimal overage rate.
o

=P —D5Qn 5.1 ph >0 and 0< Q<07 —pr, (13)

As with the sharing contract, the subscription decision under the nonlinear contract also follows a

threshold structure.
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Although the overage rate p; is unique, there are multiple optimal base prices p}’s and allowances
Q:’s as defined in (13). Moreover, it is easy to find a solution to (13) with @* = 0. This particular
solution is in fact a two-part tariff, where p} is the base price and p;, is the marginal price. This result
resonates with the finding in Bhargava and Gangwar (2018), which provides a general condition
under which three-part tariffs yield the same revenue as two-part ones. Although a more restrictive
condition, i.e., Assumption 1, is imposed to establish our result, the condition allows us to derive a
sharper expression for general heterogeneous distributions.

An important property of the optimal nonlinear contract is that the service provider offers a
relatively small allowance @) such that all subscribers consume more than the contracted allowance

and pay the overage surcharge.

COROLLARY 2. Under the optimal nonlinear contract, 0% > p: + Q7 and all subscribers consume

more than the allowance Q7 i.e., d=(0) =0 — p:, > Q7 for 6 € [0%,0].

Intuitively, a small allowance implies a relatively low base price p;, which makes the service more
affordable and helps to increase the market coverage. The provider is compensated by selling extra
goods to subscribers in need and achieves second-degree price discrimination: subscribers who demand
more pay lower average unit prices. Obviously, the implementation of price discrimination allows the

provider to be able to better serve customers’ heterogeneous demands.

5. Comparing Sharing and Nonlinear Contracts
We characterize the optimal terms of the sharing contract and the nonlinear contract in Section 4.
In this section, we will compare these two contracts in market coverage, customer consumption, and

provider revenue.®

5.1. Equivalence of Sharing and Nonlinear Contracts

It may seem that the sharing contract is not as effective as the nonlinear contract because its uniform
terms prevent it from using direct price discrimination. Moreover, the sharing contract does not allow
the peer-to-peer sharing process to be controlled either. However, we will show that despite these
unfavorable features, the sharing contract performs just as well as a price discriminatory nonlinear
contract: both contracts attract the same number of subscribers, lead to the same individual surplus,
and result in the same provider revenue. Despite its uniformity to all subscribers, the sharing contract
in fact is a method of price discrimination with a resale market. Theorem 1 states the equivalence

from the perspective of the service provider.

8 We also compare the sharing and nonlinear contracts with the bucket contract in EC1.2. The main conclusion is
that both are more effective in managing heterogeneous demands than the bucket contract as the bucket contract
charges a uniform price for the same allowance to all customers.
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THEOREM 1 (Revenue Equivalence of Sharing and Nonlinear Contracts). Comparing the
optimal sharing and nonlinear contracts, we find that
(i) both yield the same revenue for the provider, i.e., Il(p%, Q%) =11, (pk, Q% pL);

(ii) both result in the same market coverage, i.e., 6 = 0%,

In order to explain the revenue equivalence of the two contracts, we illustrate how an equivalent
sharing contract can be constructed from an optimal nonlinear contract (p%,Q%,p:). The seemingly
desirable feature of the nonlinear contract is the capability of allowing heterogeneous customers
to consume different amounts of goods according to their types. Although the uniformity of the
sharing contract makes it impossible to directly distinguish among customers of various potential
demands, peer-to-peer resale offers an alternative: subscribers who do not need all their allowances
have opportunities to resell their unused quota to those who need them. Yet, it is still tricky since the
provider cannot directly intervene in subscribers’ peer-to-peer resale and she also has little control
over the market-clearing price and the customers’ demands.

Nevertheless, we argue that a meticulously chosen allowance in the sharing contract has the same
discriminatory function as the optimal nonlinear contract. Specifically, the provider should set the
sharing contract’s allowance so that the total provision of the goods under the contract equals the
total supply of the goods under the optimal nonlinear contract. Mathematically, this means

supply via overage
supply via allowance

Q.F(0.) _ 0@ + / [d5(0) — Q1] dF(0),
———

total supply under sharing contract

total supply under nonlinear contract

which can be further written as
o o )
Q.F(0.) = Q. FE)+ [ [0-57) - Qildr () (14)
since Corollary 2 shows that d%(0) = 6 — p > Q7 for 6 € [07,0]. To facilitate our discussion, let
us for now assume that the two contracts induce an equal market coverage, i.e., 0, = é; =0. This

assumption does not necessarily hold. However, we will demonstrate its validity at the end of this

section. Under the equal market coverage assumption, (14) can be written as

— Q1+ / = JAF(6) /(0 (15)

Eq. (15) has several important implications. The first and also intuitive one is that an equivalent

sharing contract has to offer a larger allowance than its counterpart under the optimal nonlinear
contract; i.e., Qs > Q.

Second, (15) implies that the market-clearing price p, equals the per-unit overage rate p* under the

optimal nonlinear contract. To see this, we need to establish a one-to-one correspondence between
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the market-clearing price p, and the sharing contract allowance Q5. It can be shown that there is
no speculator in the peer-to-peer trading process if the sharing contract attempts to replicate the
performance of the optimal nonlinear contract.

Hence, by Lemma 1, d*(f) = 0 — p, > 0 for any 6 > 6.° Since the total allowance provision equals

the total consumption under the sharing contract, we have

Q.00 = [ 0-p)are)= [ 0ar(0) - FG) (16)
which evidently shows a one-to-one correspondence between (), and p,. Such a correspondence sug-
gests that the allowance @), is an instrument for manipulating the market clearing price p,. The choice
of Qs thus plays a role in distinguishing heterogeneous subscribers in their consumption decisions
d*(0)’'s—even if it appears to be irrelevant. We further notice that the effectiveness of making use of
the allowance (), for consumption control is identical to that of the overage rate p; in the nonlinear
contract. This can be seen from the following supply-demand equality of the nonlinear contract,

aro)+ [ 10-5)-@iaro= [ 0-mare) = [ ore)-pFe). (1)

total supply under nonlinear contract total demand under nonlinear contract

Together with (15) and (16), (17) indicates p, = p%. Consequently, we claim

dy(0)=0—p,=0—p, =d,(0), (18)
which reveals that the market clearing price p, has the same discriminatory effect on subscribers’
demands as the nonlinear contract’s overage rate p; and so does the allowance @);.

Last but not least, (15) reveals that the extra allowance @, — Q7 equals the average overage
consumption of all nonlinear contract subscribers. Therefore, if the provider intends to obtain the
same revenue through the sharing contract, she has to compensate herself for the revenue loss from
the provision of these additional Qs — @7 units of allowance, which costs a subscriber p* (Qs — Q%)

under the nonlinear contract. In other words, if the provider sets the sharing contract’s price at
Ps :p;‘; +ﬁ7*1(Qa - Q;)a then

) =

Hs(psst) - psF(e)

= (P +P,(Qs = QR E(D)

(14) x T/ A © Ak *

= B0+, [ 1057 - Q)F )

(12) © e

=" IL(py,, Q- D7),

i.e., she collects the same revenue as she would have under the optimal nonlinear contract.

9 The equality occurs only at 6 = 6.
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Conversely, a nonlinear contract can be constructed to replicate an optimal sharing contract. The
revenue equivalence of the two respective contracts is thus established as presented in Theorem 1(i).
Moreover, Proposition 5 summarizes the quantitative connections of the two contracts’ parameters,

which we have elaborated on above.

PROPOSITION 5. Comparing the optimal sharing and nonlinear contracts, we have that
(i) p>p;, and Q7> Q7

(i) p; =Py, and p; =p;, +p.(QF — Q});

(iii) Py, <py/Qi <P, /@y

We note that p? = p’ in Proposition 5ii may be reminiscent of the well-known equivalence of carbon
tax and cap-and-trade. However, we would like to emphasize that the two equivalences arise from
different fundamental mechanisms.

To neutralize emissions in a carbon market, it must be that the price of pollution equals the
cost of emission abatement in equilibrium. Since both tradable emission permits and carbon taxes
can be considered as the price of pollution, they then must both equal to the emission abatement
marginal cost. Hence, the carbon market literature concludes that the market-clearing price of per-ton
carbon emission is the same as the carbon tax rate (e.g., Anand and Giraud-Carrier 2020, Requate
2006). However, in our paper, there does not exist such an “abatement marginal cost” to connect
the market-clearing price and the marginal rate. Instead, the equivalence in our paper relies on
introducing a new contract instrument—the allowance—and adjusting the contract price. Moreover,
price discrimination does not exist in carbon taxing.

Not only does the equivalence of the sharing contract and the nonlinear contract hold from the

perspective of the provider, but it also extends to subscribers. We present the result as follows.

THEOREM 2 (Equivalence to Subscribers). Under the optimal sharing and nonlinear con-
tracts, subscribers of the same type
(i) consume the same amount of goods, i.e., d*(0) = d: () for 0 >0 =0%;

(ii) receive the same surplus, i.e., s,(d=(0) | 0) = s,(d%(0) | 0) for 6> 0% =07

The equivalence to subscribers also results from the allowance choice principle in (15) and the cor-
responding base price adjustment rule in Proposition 5(ii). Both collectively ensure that subscribers
of the same type consume the same amount of goods and, moreover, pay the same effective costs

under the respective contracts. As a result, for a type-8 subscriber,

ss(dy ] 0) = 0d; — (d;)*/2 = p; — pi(ds — Q7)
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= 0d;, — (d,)*/2 =y, = p,(Q; = Q;,) = Di(d;, — Q7)

= 0d;, — (d;,)* /2 —p}, — b, (d;, = Q;,)

= sa(d; 0),
where the second equality is due to d* = d, and p: = p’ +pi (Q% — Q) and the third equality results
from p* =p’. And last, since customers of the same type receive the same individual surplus under
both contracts, the two contracts must also result in the same market coverage.

Our equivalence result provides convincing evidence that the seemingly non-discriminatory sharing
contact is indeed a form of price discrimination—high-consumption customers pay lower average unit
prices. However, we also acknowledge that the performance equivalence to nonlinear pricing only
holds when reselling is frictionless. As shown in Proposition 1, the service provider has no intention
of inducing market frictions in the sharing process. Yet, there might be exogenous frictions, such
as hassle costs associated with reselling. In this case, sharing pricing would underperform nonlinear
pricing. Nevertheless, such exogenous frictions tend to be negligible for digital goods when resale
could be achieved by several taps on customers’ mobile devices.

Despite the theoretical equivalence, sharing pricing and nonlinear pricing have their own edges in
practice. Conventional nonlinear pricing schemes, such as two- and three-part tariffs, typically rely
on the marginal rate to differentiate customers based on their demands. This approach is appropriate
when a customer’s actual consumption can be accurately measured, such as mobile data usage. Thus,
nonlinear pricing may be advantageous to sharing pricing due to the additional infrastructure cost
of a trading platform. This is consistent with the CMHK’s fade-away of its user trading platform.
However, it can be challenging for many digital goods to have a consensus on the user’s consumption.
Consider cloud file hosting services, where individual storage space usage may vary significantly as
users add or remove files. In such cases, adopting a two-part tariff may lead to ambiguity in defining
actual usage—whether it’s the maximum used space within a given time period, the average used
space, or the space used at a specific time each month. This ambiguity arises because customer usage
in cloud storage services may increase or decrease in a defined period of time, whereas the usage of
other digital goods such as mobile data only increases. In light of this, sharing pricing emerges as
an effective approach to profit from heterogeneous customers, particularly when their consumption
levels may fluctuate either upward or downward in the measuring time frame, such as cloud storage
services. This provides a theoretical explanation of Livedrive’s long-lasting commitment to its resell

program since 2010.
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5.2. Generalization of the Equivalence

The key insight thus far is that reselling can function as a form of price discrimination when allowance
is utilized as a contract instrument. The effectiveness of this approach to price discrimination can
be comparable to nonlinear pricing due to the direct correspondence between the allowance and the
marginal price of a nonlinear contract. We next reassure this insight by exploring two extensions of
the base model in Section 4. Specifically, Section 5.2.1 confirms the equivalence for menu of contracts,

while Section 5.2.2 demonstrates that the equivalence holds for uncertain demand.

5.2.1. Menu of Contracts. The equivalence of sharing pricing and nonlinear pricing extends
to menu of contracts. Consider the same consumer population as specified in Section 4.1. Instead of
offering a single-iter contract, the service provider offers a K-tier menu'® of contracts for subscription.
Specifically, let {p,, ,Qn,,Pn, }, k=1,2..., K, represent a K-tier menu of nonlinear contracts, where
subscribers of tier £ pay py, for @,, units of allowance and p,,, for each unit exceeding the allowance.
Similarly, denote {p,, ,Qs,}, k=1,2..., K, as a K-tier menu of sharing contracts, where subscribers
of tier k pay p,, for Q,, units of allowance.

One particular consideration of the sharing menu is to specify the scope that peer-to-peer trading
is allowed. The most restrictive scheme may only allow sharing among subscribers of the same tier
and prohibit inter-tier allowance trading. On the other extreme, the most liberal scheme may have
subscribers of all tiers to trade in the same resale market. The next lemma shows that the restrictive

scheme yields a higher revenue for the service provider.

LEMMA 5. For a K-tier menu of sharing contracts, restricting trading to subscribers of the same

tier generates a higher revenue at optimality than allowing all tiers to trade in the same resale market.

If all tiers of the sharing contract menu are allowed to exchange in the same resale market, all
subscribers who need to purchase additional usage allowance pay the same market-clearing price
regardless of their types. Thus, customers have no interest in tiers with large allowances. As a result,
all subscribers purchase the same tier from the menu, which hinders the provider’s power in price
discrimination. Consequently, restricting trading to subscribers of the same tier is preferable to the
service provider. Moreover, the next result shows that restricting tradings within the same tier of

sharing contract menu is as effective as the K-tier nonlinear menu.

THEOREM 3 (Equivalence of Menus). If resales are restricted to subscribers of the same tier,

the optimal K -tier sharing menu yields the same outcome as the optimal K -tier nonlinear menu.

10 The menu size K is assumed to be exogenous. Although the provider’s optimal revenue grows in K, so does the
menu administration cost. Thus, service providers usually offer small-sized menus in practice. Literature, e.g., Wilson
(1993) and Bagh and Bhargava (2013), also suggests that a small-sized menu performs closely to the optimal menu.
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Theorem 3 asserts that same-sized menus of the sharing contracts and nonlinear contracts are
equivalent: the provider earns the same revenue and customers of the same type consume the same
amount of goods for the same surplus. The pivotal building block of this equivalence originates
from Proposition 5(ii), which suggests a direct approach to constructing an outcome-equivalent tier

between the optimal menus of the sharing contracts and nonlinear contracts.

5.2.2. The Impact of Uncertainty on the Equivalence. We next examine the equivalence
of the sharing contract and the nonlinear contract under demand uncertainty, which may arise from
idiosyncratic valuation shocks.

Consider a group of mobile data subscribers who work as business consultants and value each unit
of mobile data at 6. Depending on how many hours they spend in the office and on travel, the realized
valuations 6’s may differ: availability of alternatives for Internet access in office may depreciate the
value of mobile data, whereas the same unit of data may become more valuable as the number of hours
spent on travel increases. To model these idiosyncratic shocks, we consider an additive type-specific
perturbationon the intrinsic valuation 6. Specifically, for each type-6 customer, his realized valuation
of unit usage equals 0 + €4, where € is a valuation perturbation drawn from a distribution Gy(-) with
zero mean, i.e., E[ey] =0, on the support of [—¢}, 4] where €, > 0 and € > 0. Our uncertainty model
is fairly general. Customers of various types can have distinct valuation perturbation distributions
Gy(+)’s and these Gy(+)’s are not required to have particular structure properties.

The idiosyncratic shocks to valuations lead to uncertain individual demands. To illustrate, let
us consider customers’ consumption decisions under the sharing contract. Assume that a type-6

customer subscribes to the service but experiences a perturbation €. Thus, her realized surplus is
$ulda 10+co) = uldy | 0+0) = culde | 0+ c0) = (0 + o)y — 5~ (pa +p0- (4~ Q). (19)
It is straightforward to see that the surplus-maximizing demand satisfies
d:(0+ €g) =max{0 + ey — s, 0}. (20)
Since €4 is a random draw from Gy(+), the optimal demand d*(6 + €5) is thus ex ante uncertain.

Consequently, whether customers subscribe to a sharing contract is determined by their expected

surplus under uncertainty. Specifically, type-6 customers subscribe if and only if

505, Qs 10) = E,[ss(d7|0+e)]

) B0 1 > p)Eey [ (d2) | 8-+ co > pu) + B0+ 6 < p)Eey [5:(d2) |+ €5 < ]
= P(0+eo>po)Ee, [(0+€9—Ds)?/2—ps+DsQs | 0+ €0 > ps] +
P(0 4 €6 < Ps)Ee, [—ps +DsQs | 0+ €9 < D]
( )E, [(

- P0+692ﬁs Ee 6+€0 Pé /2|6+€0>p5] ps+ﬁst (21)

4
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> 0.

We note that the customer’s expected surplus is not monotone in his (intrinsic) type 6 because of the
general uncertainty framework. Specifically, it is not always true that if § > ¢’ then 35,(p,, Q| ) >
S4(ps, Qs | 0) or vice versa. Therefore, customers’ subscription decisions do not necessarily follow a

threshold policy as in the case without uncertainty (see Lemma 1). For exposition, we introduce

Os(ps, Qs) :={0 | 55(ps, Qs | 0) > 0} and p(O4(ps, Qs))

to denote the subscriber set and its probability measure under the sharing contract with uncertainty.

The provider’s revenue problem is to set the base price p, and the allowance (), so that

max ﬁs(psst) =DPs- M(®s<psts)) s.t. Ds Z 0 and Qs Z 0.

ps,Q

In TS3, we derive corresponding customer demands, individual surplus, and the provider’s revenue
for the bucket and nonlinear contracts.

In the presence of uncertainty, the equivalence of the sharing contract and the nonlinear contract
remains to a lesser extent. We acknowledge that the optimal sharing contact yields the same revenue
as the optimal two-part tariff—a special type of nonlinear contract with zero allowance; i.e., @, =0.
In more general cases, we prove that when uncertainty is present, a nonlinear contract, in particular a
three-part tariff, yields no less revenue at optimality than a sharing contract, which still outperforms

a bucket contract.

PROPOSITION 6 (Equivalence to Two-Part Tariffs under Uncertainty). Let IT. and ﬁi* be
the optimal revenues of the sharing contract and the two-part tariff, i.e., the nonlinear contract with
zero allowance, with uncertain valuations. Moreover, denote the corresponding subscriber sets as ©%
and ©% . Then, we have (i) I, :ﬁg* and (ii) ©F = 0.

The equivalence of sharing contracts and two-part tariffs in Proposition 6 resembles a similar
intuition in the deterministic case in Section 5.1. The service provider chooses the allowance to
maneuver the market clearing price indirectly to be aligned with the overage rate of the two-part
tariff. Such a market clearing price gives rise to equal consumption by customers of the same types
under both contracts for the same magnitude of uncertainty. By charging the base price of the two-
part tariff plus the surcharge for the allowance at a unit price that equals the market clearing price,
the provider effectively collects the same revenue from the sharing contract.

The equivalence of the sharing contract and the two-part tariff is preserved due to their neutrality
toward uncertainty. Under two-part tariffs, subscribers pay for what they consume. Their effective
costs are higher when they are undergoing upward shocks and lower when they are undergoing down-

ward ones. Thus, the uncertainty is expected to affect the provider’s revenue equally in both positive
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and negative ways. The sharing contract preserves this neutrality. Although the fixed allowance seems
to hinder subscribers from consuming beyond the allowance when there are upward shocks or from
saving some costs when there are downward ones, the peer-to-peer sharing helps neutralize these
variations so that the provider is equally affected by shocks in both directions on expectation. As a
result, the sharing contract and two-part tariff perform identically at optimality.

Nonetheless, the equivalence breaks down when the nonlinear contract has a nonzero allowance.

PROPOSITION 7 (Dominance of Nonlinear Contracts under Uncertainty). LetTI, and I,
denote the optimal revenues of the sharing and nonlinear contracts with uncertain valuations, respec-

tively. Then, we have ﬁ: < ﬁ;.

Proposition 7 shows that the sharing contract underperforms the nonlinear contract, in particular
the three-part tariff, in the presence of uncertainty. The discrepancy results from the uneven effects
of upward and downward uncertainties on a three-part tariff. To illustrate, let us compare a three-
part tariff with a two-part one. Without an allowance, the provider who employs a two-part tariff
earns more revenues only when subscribers undergo upward shocks and consume more. In other
cases where subscribers have downward shocks and use less, the two-part tariff in fact works in favor
of subscribers by charging them only for what they consume, which results in less revenue for the
provider. In contrast, a three-part tariff can exploit uncertainties of both directions. Intuitively, in
the presence of uncertainty, customers would like to pay for some “safety allowance” to hedge against
demand shocks. The “safety allowance” certainly costs subscribers more and only justifies its value
when subscribers consume more than their expectations. If the realized uncertainty is a downward
shock that reduces a subscriber’s consumption, the “safety allowance” is useless but is already paid
for in the base price. We use Example 1 to make this argument more concrete.

EXAMPLE 1. Assume that customer types follow a uniform distribution on [0,1] and moreover
that shocks happening to type-6 customers are random draws from [—6, 0] with equal probability. The
optimal two-part tariff has the form of (p2*, p%*) = (0.1419,0.2171) with a market coverage 1 — %" =
1—0.6168 = 0.3832 and an optimal revenue I1%* = (0.1048. The optimal three-part tariff is contracted
as (ps,Qx,p%) = (0.1854,0.3129,0.2561) with a market coverage 1 — 6 =1 —0.6127 = 0.3873 and an
optimal revenue IT* =0.1055. Under the optimal three-part tariff, the total allowance offered equals
(1 —0:)Q: =0.12119, out of which 0.0119 of a paid unit is not expected to be used. The provider
thus earns more revenue from the three-part tariff. O

Example 1 illustrates the impact of uncertainty when comparing a three-part tariff with a two-part

one. Our Proposition 4 and Bhargava and Gangwar (2018) (see Corollary 2 on p. 1523) both imply
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that if customer heterogeneity has an IFR an optimal three-part tariff yields the same revenue as an
optimal two-part tariff in the absence of uncertainty. Example 1, however, provides an example in
which an IFR does not preserve the equivalence under uncertainty due to the asymmetric impacts

of uncertainty on revenue.

6. Overage and Underage Disutility

We have so far considered risk-neutral customers. In this section, we explore how consumer psycho-
logical costs may affect the effectiveness of sharing contracts and nonlinear contracts. Specifically, we
consider consumers’ psychological response to overage or underage beyond the allowance: a customer
incurs a disutility when her consumption d either exceeds or falls short of her allowance (). We define

the utility received by a type-0 customer as

u(d]6) = 0= 50— Suel(d - Q)" — gunl@— )T 22)

where w, > 0 and w, > 0 are the unit overage and underage costs, respectively.

When being offered a sharing contract, a type-6 customer’s surplus can be expressed as

Sulds |0) =0, — 58— Sunl(d — Q)P — Swll(@—d) T -p - puld Q) (29

and she solves maxy_ >o Ss(ds | €) for the optimal demand d*(#) and subscribes if sq(d% |6) > 0.
Lemma TS6 characterizes the demand of a type-6 customer. Lemma TS7 and Proposition TS1
further develop the equilibrium of the sharing market for a given sharing contract (ps, @s). Optimizing

over (ps,Qs), we derive the optimal sharing contract term below.

PRrROPOSITION 8 (Optimal Sharing Contract). [t is optimal to offer a sharing contract so that

there are no speculators subscribing in equilibrium. Under such an optimal sharing contract,

*
S

(i) the provider offers a contract (p%, Q%) with the resulting equilibrium market clearing price p,

where p, QF, and P are the solution to
Pt 1 © 1 F(Q.) PP+ (1+w)Q2\  PIF(Qs)
Hh. — (1 s s\ __LEs
(U Tt O [ 00) (g 0= (@) B ) = B0,
I ps+Qs 0 _ﬁs + qus © 0 _ﬁs + ons
F(Qs) = —9d9+/ —  f(0)do,
QF@)= [ T s [ S )
]53 = \/(1 +wu)(2ps - Qg)

(24)
(ii) customers subscribe to the service if and only if 0 > 0% = Q*.

Proposition 8 generalizes Proposition 3, which can be considered as a special case of w, =w, = 0.
Similarly, when being offered a nonlinear contract (p,,@,,Pn), a type-0 subscriber solves the fol-

lowing problem

B Lo 1 42 L +12 A +
(rinn%}é Sn(dn | 0) - 0dn - idn - §wo[(dn - Qn) ] - iwu[(Qn - dn) ] —Pn _pn(dn - Qn) (25)
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for her optimal demand. Lemmas TS8 and TS9 characterize the optimal consumption level and
identifies the subscribers, respectively. Solving the revenue-maximization problem in (12). We obtain

the following optimal contract term.

ProrosITION 9 (Optimal Nonlinear Contract). Suppose that Assumption 1 holds. Under the

optimal nonlinear contract,

(i) customers subscribe to the service if and only if her type 0 > éf” where éjb 1s the solution to

_ f,@ of@O)de  — N2 o
(1+w,)%02 — ( B — 9n> P,
_ orerde 1 f(6,)
2 (1 + wo)?0, — I"HFT +0.]

(ii) the optimal price p; and optimal allowance Q7 are
* 9_:, _ﬁ; 2 N Ak * )% Ak
@ — — —
where pt = (/ 0f(6)do/F(67) — 0,*1)/(1 +w,) is the optimal overage rate.
o

The equivalence of the sharing contact and the nonlinear contract does not hold when subscribers
incur underage or overage disutility. Either may dominate depending on the unit overage and under-

age costs.

THEOREM 4 (Comparison of Revenue). For any given unit overage cost w,, there always
exists a threshold v > 1 such the sharing (nonlinear) contract yields weakly higher revenue than the

nonlinear (sharing) contract if w, > (<)yw, .M

Theorem 4 compares sharing and nonlinear contracts. We illustrate the result in Figure 2 using the
uniform distribution in [0,10] and exponential distribution with mean 1/\ = 2.2 Figure 2 displays
the discrepancy of the optimal revenues of the sharing and nonlinear contracts. The discrepancy
IT; —II7; tends to decrease in the underage rate w, but increase in the overage rate w,.

Note that Proposition 9 implies that the optimal nonlinear contract sets the allowance @} low so
that all subscribers have to pay at the marginal rate p; to consume more than the allowance. Hence,
subscribers of a nonlinear contact do not incur underage disutility, whereas underage disutility always
occurs to some subscribers of the sharing contract and impedes the revenue the service provider can
extract. Apparently, the larger the unit underage cost w, is, the more severe the underage disutility

hurts the provider’s revenue yielded from a sharing contract. Thus, II} —II* decreases in w,.

1 The equality is only achieved at wo = yw.,.

2 Lemma TS10 reveals that the revenue comparisons under uniform and exponential distributions are independent
on the distribution parameters. Thus, observations in Figure 2 also apply to any uniform or exponential distribution.
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Figure 2 Comparison of Revenue (II; —II})
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The other impact of a relatively small allowance @) of a nonlinear contract is that every subscriber

has to incur the overage disutility. As the unit overage rate w, increases, subscribers reduce their
demands and hurt the provider’s revenue yielded from a nonlinear contract. In this case, a sharing
contract can be an effective alternative: the optimal sharing contract sets the allowance Q% > Q) so
that some subscribers of the sharing contract can avoid the overage cost. Thus, the higher the unit
overage cost w, is, the more effective the sharing contract is. Thus, II? —II* increases in w,.

The monotonicity of IT¥ —II* in w, and w, implies that there exists some constant v so that the

sharing contract dominates if and only if w, > ~yw, and vice versa.

7. Concluding Remarks

In this paper, we employ a game-theoretic model to examine how the distinctive features of digital
goods, particularly their traceability and control over usage allowance, can be leveraged to address
the cannibalization problem caused by peer-to-peer resales.

We compare the sharing pricing, under which subscribers of a specific usage allowance can trade
unused allowance, with the nonlinear pricing, e.g., a two-part tariff, which is known to be effective
in managing heterogeneous demands. We show that this non-discriminatory sharing contract which
promotes reselling is equivalent to implementing a price discrimination strategy via a two-part tariff.
Not only do the two contracts yield identical revenue, but they also achieve the same market coverage
and result in the same demand and individual surplus for customers of the same type. This equivalence
holds for menus of contracts or uncertain consumer demand.

The optimal contract terms of the sharing pricing implies that the equivalence to the nonlinear
pricing, e.g., the two-part tariff, has nothing to do with the traceability of digital goods resales in
the secondary market. Even if the seller could take a cut from all resales, she chooses not to do so

at optimality. Instead, the seller capitalizes on controlling both the usage allowance and the price to
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maximize revenue when the sharing contract is initially sold. By carefully selecting an allowance, peer-
to-peer resales under the sharing pricing reallocate uniformly distributed allowances in the contract
to customers with various demands, effectively practicing price discrimination at a market-clearing
price identical to the marginal price under nonlinear pricing. Hence, sharing pricing for digital goods
serves as an equivalent alternative to price discrimination. When nonlinear pricing is not feasible,
sharing pricing can offer a valuable alternative pricing approach.

Our paper underscores how conventional pricing theory may not be applicable to digital goods.
The unique characteristics of digital goods may introduce numerous novel pricing schemes beyond
traditional bucket pricing and provide new tools unavailable for physical goods.

Finally, it is essential to validate our theoretical framework through complementary empirical
research in the future. Transaction-level data, encompassing daily trading volume and fluctuations in
equilibrium trading prices over time, not only provides tangible evidence to validate the theoretical

constructs in this study but also offers insights to evaluate the significance of the trading market.
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E-Companion of “Digital Goods Reselling: Implications on
Cannibalization and Price Discrimination”

EC1. Bucket Contract
We present our results of the bucket contract in this section. In particular, Section EC1.1 characterizes
the optimal term of the bucket contract, Section EC1.2 and Section EC1.3 compares its performance

with the sharing and nonlinear contracts with no uncertainty and under uncertainty, respectively.

EC1.1. Bucket Pricing

We consider the bucket contract in which the provider charges each subscriber p for consumption
up to () units.'® Therefore, there is no discrimination among customers. For example, Dropbox, a
file hosting service provider, uses this pricing scheme and offers 2TB cloud storage space at $9.99 a
month. In this simple bucket contract, usage beyond the Q-unit limit is prohibited. Hence, ¢(d | 0) = p

where d < @ for all subscribers. A type-0 customer solves the following problem
1 2
e, s(d|9)—u(d|9)—c(d|9)—9d—§d —p (EC.1)

to determine whether to subscribe and the consumption level d(6) if subscribing. The next lemma

characterizes these customers’ decisions for a given bucket contract (p, Q).

LEMmA EC1. Assume that the service provider offers a bucket contract (p,Q). Then,
(i) If 0 < p < Q?*/2, customers subscribe if and only if @ > 0 = \/2p and consume d*(f) = min{f, Q}
units of the goods;
(i) If Q*/2 < p < Q?/2+0OQ, customers subscribe if and only if >0 =p/Q + Q/2 and consume
d*(0) = Q units of the goods;
(iii) If p>Q*/2+0Q, no customers subscribe.

Lemma EC1 first confirms an intuitive result: customers subscribe to the contract only when the
price is low relative to the allowance offered, i.e., cases (i) and (ii). Second, Lemma ECI1 reveals
that customers’ subscription decisions follow a simple threshold structure: only those who value each
unit of the goods more than @ subscribe to the service. Third, Lemma EC1 shows that the simple
non-discriminatory bucket contract is not able to satisfy customers’ heterogeneous demands. In case
(i), there will be some subscribers who would not consume all ¢) units and leave some unused goods.
In contrast, in both cases (i) and (ii), there are always some subscribers who have to downgrade their
usage to () units even though they would like to consume more.

Cases (i) and (ii) in Lemma EC1 imply two potential pricing tactics for the service provider
at a given allowance. On the one hand, the provider may offer an affordable contract as in case

(i) to achieve a high market coverage with some subscribers consuming less than the allowance.

13 We use “contract” and “pricing” to refer to the terms of a service agreement and the process of determining the
terms, respectively.
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Alternatively, the provider could also charge a higher premium as in case (ii) so that all subscribers
use up all their allowances. We next characterize the optimal contract (p*, Q*).
Since customer subscription behavior follows a threshold structure, we formulate the provider’s

revenue-maximization problem as

max I(p,Q)=p-F(O(p,Q)) st.p>0and Q>0 (EC.2)

p,Q

where F(0(p,Q)) represents the fraction of customers who subscribe to the service.

ProprosiTiON EC1 (Optimal Bucket Contract). Under the optimal bucket contract,

(i) the provider charges p* for the service, where p* is the solution to

CF(v2p) 1 (EC:3)

Vepf(V2p) 2
and offers at least Q* = +/2p* units of allowance;

(ii) customers subscribe if and only if 0 > 0* = \/2p* and their demand d*(f) =min{f, Q*}.

Proposition EC1 first shows that the optimal bucket contract has a unique price defined by (EC.3).
However, any allowance exceeding /2p* units yields the same revenue. At the price of p* with an
allowance of Q* = +/2p*, all subscribers earn strictly positive net surplus except type-0* customers
whose net surplus is zero and consumption level d(é*) equals to y/2p*. Maintaining the price at p*
but increasing the allowance Q* beyond 1/2p* would not induce type-6* customers to consume more
as their demands are already fully satisfied by Q* = v/2p* units of allowance. Therefore, type-6*
customers still earn zero net surpluses with more than Q* = /2p* units of allowance at price p* and so
do all non-subscribers. Consequently, lifting the optimal allowance beyond /2p* would not increase
the market coverage and the provider’s revenue. It, however, allows subscribers of type 6 > 6* to
consume more, some of whom will also have an unused allowance, and thus improves the net surplus
of these subscribers. Moreover, among all optimal bucket contracts identified in Proposition EC1,

cases (i) and (ii) of Lemma EC1 can both occur depending on the choice of the allowance Q* at p*.

EC1.2. Superiority of Sharing and Nonlinear Contracts Over Bucket Contracts
We now establish the superiority of the sharing and nonlinear contracts over the bucket contract and
discuss the pros and cons when each is implemented in practice.

All three kinds of contracts include two common parameters, the base price, and the corresponding
allowance. While the bucket contract relies only on these two parameters, the other two kinds of
contracts have other instruments: a peer-to-peer sharing market under the sharing contract and an
overage rate under the nonlinear contract. The next proposition shows that the additional instruments

benefit not only the service provider but also the customers.

ProprosiTiION EC2 (Comparisons under Fixed Base Price and Allowance). Consider a
bucket contract (p,Q), a sharing contract (ps,Qs), and a nonlinear contract (p,,, Qn,pn > 0) such that
P=ps=pn, Q=0Q,=0Q,. Assume that there are nonzero subscribers under all contracts. Then, we

have
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(i) the sharing and nonlinear contracts induce no less market coverage than the bucket contract,
je., 0,<0 and 6, <0;
(ii) the sharing and nonlinear contracts lead to no less individual surplus than the bucket contract,
i.e., ss(d5(0)|0) > s(d*(0) | 0) and s,(d:(0)]80) > s(d*(0)|80) for any given 6 € [0, O].
(iii) the sharing and nonlinear contracts yield no less revenue than the bucket contract, i.e.,

Hs(ps>Qs) Z H(}%Q) and Hn(pnaanﬁn) Z H(paQ)

Proposition EC2 compares all three contracts by fixing their common parameters—the price and
the allowance. The inferiority of a bucket contract results from its inability to discriminate among
customer heterogeneous demands due to its uniformity. In contrast, nonlinear contracts implement
price discrimination by charging an overage rate. Thus customers can buy more to meet their het-
erogeneous needs, improve their surplus, and also do so at a lower average unit price. As a result,
service subscriptions grow and the provider’s revenue increases. As noted in the literature (e.g., Oi
1971, Tirole 1988, Wilson 1993), nonlinear contracts, e.g., two-part tariffs, render arbitrage opportu-
nities and thus their practical application has to prevent resale. Otherwise, the service provider may
lose revenue when certain customers buy more than they would use at low prices and then resell to
others at high prices. The bucket contract, on the other hand, eliminates the arbitrage possibility by
imposing a uniform unit price for all goods sold.

The sharing contract not only inherits the bucket contract’s immunity from arbitrage resale but
also meets customers’ heterogeneous demands more effectively via peer-to-peer sharing. On the one
hand, the sharing process allows high-demand customers to buy more of the goods from low-demand
customers. The allowance exchange re-allocates evenly distributed goods to meet customer heteroge-
neous demands, leading to a higher individual surplus. On the other hand, the possibility of selling
unused allowance essentially reduces the entry barrier of the service and makes it more affordable
to low-demand customers. Consequently, more customers subscribe and that increases the provider’s
revenue in comparison with the bucket contract.

Proposition EC2 shows the advantages of the sharing and nonlinear contracts over the bucket
contract when both have the same price and allowance. The next proposition further compares them

when each one is written with the optimal terms.

ProprosITION EC3 (Comparisons under Optimal Terms). Consider the optimal bucket con-

*
S

tract (p*,Q*), the optimal sharing contract (p%,Q%), and the optimal nonlinear contract (pl, Q. ps).
Then, we have
(i) the optimal sharing and nonlinear contracts induce no less market coverage than the optimal
bucket contract, i.e., é: <6* and é; < 6*;
(ii) the optimal sharing and nonlinear contracts yield no less revenue than the optimal bucket con-

tract, i.e., I, (pt, Q%) > (p*, Q*) and IL,(p%, Q%, ) > 11(p*, Q).
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(iii) the optimal allowances under the sharing and nonlinear contracts are no more than that under
the optimal bucket contract, i.e., Q% < Q* and Q) < Q*, but the total consumption at optimality

) e
is no less than that under the optimal bucket contract, i.e., [ dx(0)dF(6) 2[ d*(0)dF(0)
o o
) e

and | d(0)aF(0) > /9 & (0)dF(6).

Given the result in Proposition EC2(iii), the sharing and nonlinear contracts can easily outperform
the optimal bucket contract by charging the same price and setting the same allowance. Therefore,
Proposition EC3(ii) follows readily.

As for the market coverage, Proposition EC3(i) confirms that the optimal sharing and nonlinear
contracts have an advantage over the optimal bucket contract. That finding is, however, not so
obvious, since market coverage under these optimal contracts is in general achieved at different prices
and allowances. We attribute this finding to the efficiency of the sharing and nonlinear contracts in
fulfilling heterogeneous demands. The uniformity of the bucket contract hinders the provider from
price-discriminating these heterogeneous customers. To maximize her revenue, the provider designs
the bucket contract to cater to high-valuation customers, since not only are they willing to pay more
but they also consume more. Therefore, the optimal bucket contract tends to include a relatively large
allowance at a high price, which reduces the affordability of the service and results in low market
coverage. The sharing and nonlinear contracts, in contrast, each have their own instruments for
catering to high-valuation customers with high demands. Therefore, they can offer lower allowances
at affordable prices and attract more subscribers. Despite lower allowances, both contracts induce
higher total consumption than the bucket contract thanks to their additional instruments for serving

heterogeneous demands, coupled with a larger market coverage.

EC1.3. Bucket Contract under Uncertainty

Although bucket contract is not as effective as the nonlinear contract, e.g., a two-part tariff, it is
ambiguous if this ineffectiveness still retains under demand uncertainty that is specified in Section
5.2.2. The advantage of a two-part tariff is its price-discrimination capability, whereas the disadvan-
tage is its inability to extract revenues under downward uncertainty. In contrast, a bucket contract
fails to distinguish heterogeneous customers but prospers from both upward and downward uncer-
tainties through “safety allowance.” Therefore, it is ambiguous whether two-part tariffs still perform
better than bucket pricing under uncertainty. The next result helps us solve the mystery of bucket

pricing and two-part tariffs under uncertainty.

ProrosiTION EC4 (Bucket vs. Sharing and Nonlinear Contracts under Uncertainty).
Let ﬁ*, I, and ﬁz denote the optimal revenues of the bucket, sharing, and nonlinear contracts with

s’

uncertain valuations, respectively. Then, we have o< ﬁ: < ﬁ;.
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Proposition EC4 gives a clear answer by using sharing pricing as a stepping stone. By Proposi-
tion EC4, sharing pricing outperforms bucket pricing in the presence of uncertainty. That is because
sharing contracts can always offer the same terms as bucket contracts but with peer-to-peer trading
opportunities, which would only improve the market coverage and profitability. Recalling the equiv-
alence of sharing pricing and two-part tariffs in Proposition 6, Proposition EC4 thus implies that

two-part tariffs also dominate bucket pricing even under uncertainty.

EC2. Proofs in Main Body

Proof of Proposition 2. For ease of exposition, we define g(y) = fy@ 0f(0)dd — yF(y). Note that
g(y) strictly decreases in y > 0. Hence, max,>q g(y) =E[f] at y =0 and min,>¢g(y) =0 at y =O.

(i) Necessity. Suppose that the sharing market has an unique equilibrium with speculators. By
Lemma 2(i), we have 0 <0, < p* and p* > p,/Q,. Consider two cases: f, =0 and 6, > 0.

If 0, =0, Q= QJF(@0,) = [0f(0)d0 — p:Fp:) < [ 0. 0f0)d0 — (p/Q)F(p./Q.) =
Q. F(ps/Qs) < Q,, where the first inequality is due to g(y) strictly decreases in y > 0 and pZ > p,/Qs.

If 6, > 0, we first prove p* = p,/Q, by contradiction. Suppose p* > p,/Q,. For customers of type
0 < 0,, if they subscribe, d*(0) = max{# — p*,0} =0 and s,(d*(0) | §) = p*Qs — ps > 0, which con-
tradicts with the fact that only customers with 6 > 6, subscribe. Since 0 < 0, < D, then Q.F (és) =
fli 0f(0)do — p*F(p*) > Q. F(p*) due to the monotonicity of F(-). Note p* = p,/Q,, we have

" 0700 - 5P () > QuP ) = Qo< [ 0700/F(0./Q.) 5./ Q. =T
Suﬁicz’erzcy. Suppose 0 < Q, < @Q,. To ensure the existence of a sharing equilibrium with speculators,
we need to show that (5) has a unique solution , > 0 and there exists a unique 0 < 6, < P such that
55(d*(0,) | 0,) > 0, where the equality is achieved if §, = 0. Let us consider two cases: (a) 0 < Q, <
9(ps/Qs), and (b) g(ps/Qs) < Qs < Q..
(a) If 0 < Q, < g(p,/Qs), we first prove 8, > 0 does not occur in equilibrium. Then, we construct a
sharing with speculators equilibrium with , = 0 and show that this is the only possible equilibrium.

Suppose 0, >0 in equilibrium. From the proof of necessity, we know p* = p,/Q, if 0, > 0. Then,

Qs F(85) < Qs < 9(ps/Qs) = 9(p),
which implies (5) has no solution. Hence, it is not possible to have 6, > 0 in equilibrium.

Next let 6, = 0 and we show that there exists a unique Pt > ps/Qs such that the market-clearing
condition (5) holds. Note that Q,F(f, = 0) = Q,. Hence, we can rewrite (5) as Q, = g(p*). Since
g(ps) € [0,E[f]] for p, > 0, there must exists a p: such that Q, = g(ps) has a solution for a given
0< Qs <g(ps/Qs) <E[A]. Moreover, the strict monotonicity implies that such a p* must be unique
and Pt > p,/Q, since Qs = g(p) < g(ps/Qs)-

At last, we show that s,(d*(6,) | 6,) > 0. Since 6, =0 < p,/Q, < p*, d* (6, =0) = max{0 — p,0} =0
By Lemma 1. Hence, s,(d*(0, =0) | 0, = 0) = p*Q, — ps >0 by (4).



() 9(ps/Qs) < Qs < Q,. We first prove that 6, # 0 when sharing with speculators emerges in
equilibrium. Suppose 6, = 0. This means type-6, customers do not value the service at all. They, thus,
consume nothing even though they subscribe to it. Hence, d*(6,) = 0 and s,(d*(,) | 0,) = p:Q, —ps >
0, which implies p* > p,/Qs. Then, we have

QsF(05) = Q. > g(p/Qs) = 9(P}),
which shows that (5) has no solution if , = 0.
We first construct a pair of (p*,6,) that satisfies (5) and s,(d*(6,) | 6;) = 0 simultaneously. Let
Pt = ps/Qs and we shall show that there exists a unique 6, > 0 such that the market clearing condition
(5) holds. To see this, rewrite (5)

QuF )+ () = [ 05(0)00 = QF(@.) = 4(5) = o(p./ Q)
Since ¢(p,/Q,) < Q. and F(#) strictly d;creases in 0, Q.F(0,)=g(ps/Q,) holds for a unique 4, > 0.

We next show 0, < ; = p,/Q,. Since Q. F(8,) = g(p}) and Q, < Q, = 9(ps/Q.)/ F(ps/Qs),

9(0;) = QuF(0,) < Q. F(0,) = g(ps/ Qo) F(0,)/ F(ps/ Q) = 9(52) F(0,)/ F (ps/ Qs), (EC.4)
where the last equality is due to pf = p,/Q,. (EC.4) implies that F(0,)/F(p./Qs) = F(0,)/F(p?) > 1
and thus 6, < p* = p,/Q, due to the strict monotonicity of F(-). Since 6, < p*, d*(f,) = max{f, —
p,0} =0 By Lemma 1. Hence, s,(d*(0,) | 0,) = p*Qs — ps = 0 by (4).

So far, we have a pair of (p*,6,) that arises as a sharing equilibrium with speculators. We next
show that this is the only sharing equilibrium with speculators. First, we show that there does not
exist other equilibrium with 6, > 0. Assume there is another sharing equilibrium with speculators
with 6 # 6, > 0. From the proof of necessity, we know that for 6’ > 0 the corresponding p*' must
equal to ps/Q,. However, when we set p* = p,/Q, in the constructive proof above, it is shown that
(EC.4) holds at a unique 6, > 0. Therefore, we conclude (p¥,8’) = (p%,0,). Second, we show that
there exists no equilibrium with 6, = 0. Suppose 6, = 0. This means type-f, customers do not value
the service at all. They, thus, consume nothing even though they subscribe to it. Hence, d* 6,)=0
and s,(d%(0,) | 05) = p*Qs — ps > 0, which implies p* > p,/Q,. Then, we have

Qs F(0,) = Qs> g(ps/Qs) = g(py),

which shows that (5) has no solution if §, = 0. Thus, there is no speculating equilibrium with 6, = 0.
(ii) Necessity. Suppose that the sharing market has an unique equilibrium without speculators. Let
p% >0 be the market clearing price. By Lemma 2(ii), p* < p,/Q,, which together with the market

clearing condition (6) implies
©

(Qu+PIEE) = [ 070100 < (Qutp/QIF() = Q2 [ 070)00/F(B) ~p.fQu. (BC5)

The result Q, > Q, is readily available if / 0f(0)df/F(y) increases in y and 0, > p,/Q,.
Yy



@ —
To see the monotonicity of / 0f(0)d0/F(y), consider the first derivative in y
Y

° ao) L WF ©6(6)d0
( / 9f(9)d0/F(y)> _ v <y>;f(“g>fy 1(9)

By the Mean Value Theorem, there exists ¢ > y such that

(/y@ 0f(0)d9/F(y)> _ —yf(y)F(y);J;(i)@fy F(6)do —yf(y)F(P?i)Qj)@f(y)F(y) 0. (BC.6)

To show 6, > p,/Qs, solve (9 —p5)? =p, — PprQ, and we have Q, +p* =0, £ \/Q2 20,Q, + 2p,.
Note that (Q, +p*)F(0,) = f(, 0f(0)do implies that

Q.+ - / F(6)d0/F (@, / 0./(0)A0/F(6.) =0 (EC.7)

Thus, Q4+ = 6, +/Q2 — 20,Q, + 2p,. Define 1(6) =+ /QZ = 20Q, + 2p,. Then, ;= (8,) - Q..
Recall that 6, > p* by Lemma 2(ii). Therefore,
60> 52 =1(0,) — Qu = \/Q2 = 20,Q +2p, < Q, =6, > p,/Q.
We next prove p,/Qs+ Qs/2 < © by contradiction. Suppose p,/Q, + Q,/2 > ©O. Then,
1(0) =0 +1/Q2 —20Q. +2p, > O+ /Q2 —2Q. (p./Q. +Q./2) + 2p, = ©.

e _ e _
Note that / 0f(0)d0/F(©) = O due to the L'Hépital’s rule. Thus, I(©) >/ 0f(6)d0/F(©). It
e e

@ —

is easy to see that [(f) decreases for 6 > p,/Q, and recall that / f(0)d0/F(y) increases by
Yy

(EC.6). As a result, [(© / 6f(0)dA/F(O©) implies that there does not exist a solution to I(6,) =

/@ 0f(0)df/F(0,), which equivalently means that Q, + p* = / 0f(0)d/F(f,) has no solution by
tﬁsé definition of 1(f,). We thus reach a contradiction.

Sufficiency. Suppose Qs > Q, and p,/Q + Q,/2 < ©. To ensure the existence of a sharing market
without speculators with a unique market clearing price, we need to show that (6) and (EC.81)

simultaneously hold with a unique set of p% >0 and 0, > pr.
Since Q, > Q,, we have

@ —
| BEO0/ P01/ Qu) < Qurtpe/ Q. = Upe/Qu) (ECS)
By the Mean Value Theorem, we obtain
@ —
/ 01(0)d0/F(ps/Qs + Qs/2) > ps/Qs + Qs /2 =1U(ps/ Qs + Qs /2). (EC.9)
PS/Q5+QS/2

@ — —
Since [(0) strictly decreases in 6 > ps/Q)s and [ 0f(6)d0/F(6;) increases, (EC.8) and (EC.9) implies
g

that there exists a unique solution p,/Q, < 6, 2 Ps/Qs + Qs/2 < O such that
@ — — —
0f(0)d0/F(0,) =1(0;). (EC.10)
0s
Furthermore, let

_l(é ) 8:é3+ \/QE _2é3Q3+2pS_QS7 (ECll)
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which uniquely defines p? due to the uniqueness of 6,. Moreover, (EC.11) also suggests that

D= 0,41/ Q2 —20,Q, +2p, — Qo < 0,4 Q2 —2(p./Q) Qo+ 2.~ Q. =0.,  (EC.12)
Therefore, taking (EC.10) and (EC.11) together and rearranging, we claim that the following equa-

tions
e

nia) Ak A n n L~ Ak Ak
p 0f(0)d8/F(0s) =p; + Qs and p; =0, + \/Qg —20,Qs+2p, — Qs = 5(98 _ps)2 =ps =D, Qs;
must have a set of solution p* and 6, > p*.
At last, we show p* > 0 by contradiction. Suppose p* < 0. According to (EC.84) and (EC.85), the

discrepancy of the total supply and the demand can be written as
e

Ps+Qs
[ @—ormsod- [ 0-.-5)s0)1

PE+Qs o N
- ; Q.f(0)do — /;(0 — ) f(0)do = F(8,) (Qs _ Ja. (0 ;1(9;_)’{(0)%)

<F(@) (.- BOSEIOD) g (o, - L0
=F(0,) (Q, —E[g]) <0,

where the first inequality results from / ° 0f(0)d0/F(y) strictly increases in y and the last inequality
is due to Assumption 2. Y O
Proof of Proposition 3. Proposition 2 shows that the service provider may choose (ps,@s) such
that either sharing with speculators or sharing without speculators takes place. We shall first show
that sharing without speculators yields no less revenue than sharing with speculators.
Consider a given sharing contract (ps, Q) so that 0 < Q, < Q.. In this case, sharing with speculators
occurs by Proposition 2(i). Consider the revenue function Il (ps, Qs) = psF (és) and note that F (és) =

(fig 6f(0)do —ﬁ:p(ﬁj)) /Q, by (5). Thus, we write
[ — @ —

Recall fy@ 0f(0)df —yF(y) decreases in y and p* > p,/Q, by Lemma 2(i). Therefore, (EC.13) indicates

I (pe. Q) < (pe/ Q) ( / .

where @, is defined in Proposition 2.

S}

0f(0)d0 — (ps/Qs)F(ps/Qs)> = (ps/Qs)F(ps/Q.)Q,,  (EC.14)

We next show that there exists a sharing contract under which sharing without speculators occurs

and the resulting revenue equals to (p,/Q,) F(ps/Q,)Q,. Therefore, the maximum revenue by inducing
sharing without speculators is no less than that with speculators. In particular, consider a sharing
contract (p/, Q") such that p./Q. =p,/Q, and Q' = Q,, where (p,, Q) is the sharing contract in the

foregoing sharing with speculators case. Consider p’,/Q". + Q"./2,
©

PL/Qi+QL/2=p/Qs+Q,/2=1,/Q+Q, — Q,/2= / 0f(0)d0/F(ps/Qs) — Q,/2< O,

Ps/Qs
where the third equality is due to the definition of @, in Proposition 2, and the inequality is due

to pr:/Qs 0f(0)d/F(ps/Qs) < © and Q,/2 > 0. By Proposition 2(ii), sharing without speculators
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occurs under (p),@’,). Denote p¥’ as the market-clearing price and é’ as the subscribing threshold,

ie., s, (d: (é’g)|9;) = (9' A*’) +pYQ, —p, =0 under (p,,Q~). It can be shown that the market

S

*/

clearing equation (6) is achieved at 6, = p*' and p* = p* under (p.,Q"). Moreover, §, = p* and

’\*/
S

ss (d2(0,)10.) = p7'Q — pl, = 0, which imply 7' = 0, = pl/Q.. Recall p/Q, = p,/Q, and Q, =Q,.

Now consider the revenue under (p’, Q")

I, (P}, Q1) = PLF(07) = (0L / QL) F (1,/ Q) Q% = (p+/ Q:) F (ps/Qs)Q, (EC.15)
Putting (EC.14) and (EC.15) together, we claim that sharing without speculators must yield a higher

p* = p* must be the only solution due to the uniqueness of the equilibrium. Thus, 6 = and

revenue than with speculators.

At last, we solve for the optimal contract (p%, Q%). Since p* >0 and Q* > 0, the optimal solution
is either on the boundary or a stationary point. However, II,(p,, Q) =0 for p, =0 or Q, =0 and
I, (ps, Qs) >0 for ps >0 and @, > 0. The optimal solution must arise at a stationary point. Consider
the first-order conditions of (7)

a1_-[3 /N n 85& ag—.s F s

A

81]?18 9 Ps — apef ps f(0s) , (EC.16)
aQS = _psf(es)an = 0 8@; = O

which demonstrates the connection of the optimal contact with the subscribing threshold 6,. We thus

explore the properties of 557 which arises together with the market clearing price p* via (6)
Ak T * (1) n 1/ A 2 A
(Q:+P)F(0.) = | " 0£(9)d6 and . (4:(6.)18,) = 5 (6.~ 52) +5:Q—p.=0.  (EC.1T)

féi) of(6)de

Writing p? as o Q, from the former equation and substituting it into the latter one, we are

able to eliminate p* and transform (EC.17) in terms of 6, only

N ORI .
<95—F<93)> — 2, + O — 26,0, (EC.18)

or equivalently

. fasef(
N TN

by the Mean Value Theorem. Note that 6, is a function of p, and Q,. Then,

Y o220, (EC.19)
s or@)de

given that 6, < 7 )

taking the first derivative of both sides of (EC.18) with respect to ps and Q) respectively, we have

1+ Ji(e__s) (0—5_ fés 9f(9)d9>] (9_5 fe 0f(6)d ) —1_ aést

F(6,) F(6,) F(6,) Ips Ops
and . .
F3) (; IS0r@)a0N] (- [Cer0)a0\ o, 9,
't Fe,) (95 F(0.) ﬂ (95 F(0.) ) 20, =907 50,
By (EC.19), the foregoing equations thus can be written as
: £6.) 2 0. ol
_\/st—l-Q —20,Q, + 50 (2 +Q%—20,Q, )] oo =1 5 (EC.20)
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and

——— (4, o \led - o,
[_¢2p9 + Qs - 268@5 + F(és) (21?9 + Qi - 209@9)] aQs — Qs 95 aQS

So far, we have (EC.16) to define the optimal contract, which is denoted as (p%, Q%) from now on,

Q.. (EC.21)

and egs. (EC.20)—(EC.21) to characterize the subscribing threshold under (p*,@Q%*). We next solve
(EC.16), (EC.20), and (EC.21). Substituting (EC.16) into (EC.20) and (EC.21), we obtain

e FO) Qv QE Q2 1(2F@Q) .\
07 = Q% and ) - 5 =Pi=—5 "t ( 707 QS> , (EC.22)

which demonstrates that the subscribing threshold 9: and the optimal contract price p? are uniquely
determined by the optimal allowance Q*. Substitute 6% = Q* to (EC.19) and rearrange.
Jg: 0F(B)A0 ;4 /201+ Q2 —26:Q: by (BC.22) o + VR —QF _ F(0) _ F(Q))
2F(Q3) 2 2 £ @)
which defines the optimal allowance Q. The market clearing price pi = /2p* — Q*? is readily
obtained by solving s (d:(é:ﬂé:) =0 in (EC.17) and replacing 6* with Q?.
Substitute 6% = Q% into (6 — p?)? + prQ: = pr, it is easy to see pt = /2p: — Q:2. Therefore, we

know the optimal solutions in this case is that described in the Proposition 3.

At last, since 0 > p* by Lemma 2(ii), d*(#) = 0 — p* for all subscribers according to Lemma 1. [

Proof of Proposition 4. By Lemma 4, if p, > 1(© — p,)? 4+ PnQn, no customers subscribe and
I(p,, Q. Pn) = 0. We thus only need to consider 0 < p,, < 2(0 — p,,)* + p,Q,. Specifically, we delib-
erate three cases: (a) 0 <p, <Q2/2; (b) Q*/2 <p < p,Q* +Q?%/2; and (¢) p,Q* + Q*/2<p, <
3(© —Pn)? + Pn@n. We shall show that case (c) yields more profit than the other two cases and shall
characterize the optimal solutions from case (c).

(a) 0 < p, < Q?/2. In this case, 0,, = \/2p, < @, by (11). The revenue function in (12) and its

derivative in (),, can be written as

) _ e ) o, . -
L, (s Qs ) = P F(B,) + P / (60— P — Q) f(0)d0 and T2 = —p F(p+ Q) < 0.
Pt Qn 0qQ

It is obvious that I(p,,Qn,Pn) is decreasing in @, for a given p, if 0 < p, < Q?/2. Hence,

(pn, Qn,Pn) < I(pn, Qn = v/2pn,Dn) in this case. Therefore, the profit cannot be more than that
when Q2 <p, <p,Qn+3Q2, ie., case (b).
(b) Q2/2 < pp < PnQn + Q2/2. In this case, 0, = p,/Qn + Qn/2 by (11) and Q,, <0, < P, + Qyn-

We can rewrite the revenue function I, (p,, Qn, Pn) in (12) in terms of (A, Q,,Py) as
_ R _ 1 _ R © R
Pn n
We shall show that the maximum value of II,,(6,,, Qn, p») must be achieved at 6,, = p,, + Q. In other
words, the optimal solution must be a boundary point, which will be considered in case (c)

Assume that there is an interior solution (én, Q. Prn), which must satisfy the following FOCs
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o1, _ ~ ~
7, (F(82) = (0. = Qu/2)£(0,)) =0, (EC.23)
= [ 80— (25, + Q)P+ Q) =0, (EC.24)
oI, o _
Define an auxiliary function h(z | Q,) = (z — Q,,)F(x) for z >0 and denote z, as the solution to
oh - B F(2) o @Qa\ ) _
O P(a)~ (- Qu) () = 2f ) ( o (1-% )) —0. (EC.26)
Rewrite (EC.25) in terms of the auxiliary function A(- | Q,,) as
aHn o n N —

We shall show that (EC.27) can only hold at 6, = p, + @Q,, in three steps:
Step 1. Prove that h(z | @Q,) strictly increases in z < xy and strictly decreases in & > x;
Step 2. Show that P, + Q,, < zo;
Step 3. Show that 6,, < .
Steps 2 and 3 provide a range of the interior optimal solution. And Step 1 shows that the auxiliary
function h(z | Q,) has a strict monotonicity in this range. Thus, (EC.27) can only hold at 6, =
P + Qr, which contradicts with the assumption that (én, Q.,Pn) is an interior optimal solution.
We next demonstrate the claims in the three steps.
Step 1. Recall that F'(-) has an IFR. Then, F(z) o [0,00) is decreasing in z. On the other hand,

zf ()
1 —Qn/x € (—o0,1] is strictly increasing in z. Thus, 2o be the unique solution to (EC.26). The

monotonicity of h(x | @Q,) follows because

F'(x) % iff T @ ifft x T
xf(x)>(<)<1_ x) ff v<(>)z <= 8x><<)0ﬁ < (>) xo. (EC.28)

Step 2. For convenience, define a dummy variable z = p, + @,,. Rewrite (EC.24) in terms of z,
11 © _
Tr = [0 (s - Q)
O Sz
= [ 0-20)10 - (-~ Qu)F(2)

297

(integration by parts) = /z F(2)d0 — (2 — Q,)F(2)
= 2F(2) (MW — (1 - Q")) =0. (EC.29)

2F(z) z
. [© F(a)de . . .
By Assumption 1, = Fe € [0,00) is decreasing in x. Moreover, 1 — @, /x € [—00,1) is strictly
o _
F(o)de -
increasing in x. Thus, z is the unique solution to (EC.29). Note that f e Fir)) < ff((i)) by Assumption

1, thus z =9, + Q, < xg.
Step 3. Recall that case (b) only focuses on the case that Q2 /2 <p, < p,,Q,, + Q% /2. Thus, @, =0

is not valid consideration. (In fact, it is a special situation of case (c).) As a result, we have

or, . S . F0,) | @n
5o =0 F(0) = (0. Qu/D (0> (0 = Q) () = 5= > 1= 3
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By (EC.28), we conclude 6, < .

(€) Pn@n +Q2/2 < pp < 5(O = Pn)? + Pn@n. By (11), we have 0, = pn + v/2(pn — Pu@n), which is
derived from setting (EC.92) to zero so that %(H_n — Pn)? = pn — PuQn. Rewrite the profit function
(12),

. 1., - 1,2 = [
Ty (Pny Qs D) = (50 = O = 557) F'(0n) + [ 07(6)as, (EC.30)
which only depends on 6,, and p,. By the FOCs, the optimal nonlinear contract must satisfy
o, - (= 1 -
= 0= ) (F0.) = 50,4 5.)7(6,)) =0, (BC.31)
o,  [° T
9. s 0£(0)d0 — (6, + pn) F(6,) = 0. (EC.32)
n On

We consider the solutions to (EC.31) and (EC.32) for two situations: (c1) 6, > p, and (c2) 0, =p
(c1) If 6,, > P, the FOCs (EC.31) and (EC.32) become

F(6,) o

féﬁ 5(9n +Dn)s (EC.33)

Js, 6710)d0 =0, +p (EC.34)
P, Onthe :

Eliminating p, from (EC.33) and (EC.34), the optimal 8% solves

)

/gn G,

2F(0,) F(B)
The optimal p¥ and Q are obtained by (EC.32) and %(9; —Dn)? =pn—PnQ, in (EC.92), respectively.
(c2) If 0,, — P, = 0, then p, = p,Q, by (11). Recall that in case (c) p, > pnQ, + Q>/2. Thus,
Pn = DPnQn > PnQ, + Q2 /2, which implies Q,, =0 and p,, = 0. Now solve (EC.32) and integrate by

parts,
; [ of@)e 1 J5, 85(0)40 _ Ji, F(6)40 +0,F(0,)
Op+pn="=——<=0,==0,+D,) = "= & —— , EC.35
" Fa 25, 2716,) e
S F(O)d0+60,F(6,) o - 5 50a .
Note that 6,, = = 20, indicates [; F'(0)d0 =0, F(0,,). Thus, we can rewrite (EC.35)
as

e e r ] o r =
N - 0f(0)do 5. F(0)d0+0,F (0, .. F(0)do  F(0,
o= 20,15 = 2 0TOL o FODIOTC) _Jou TOW PO g )
2 2F(6,,) 2F(0,,) F(0,) f(0n)
where the inequality stems from Assumption 1.

We next show that the inequality in (EC.36) has to be binding at optimality. Assume that 6, <
F(0n)
FOn)
_ F‘(énte)
(On+e) f(On+e)

and consider the marginal profit at 6, +e with a slight abuse of notation, where € > 0 such that

> 1,

oll,, _ R _ 1 - ) _
5o = Co =) [P0 = 502156 |,
_JOnFI | Futg L Pyl (EC.37)
O,+€ |(Onte)f(O,+e) 2 0,+¢

where the last equality and inequality are both due to 6, = p,,. (EC.37) implies that in the right
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neighborhood of 6,, there exists a 6, + ¢ that yields a higher profit, which contradicts with 6,, is the
optimal solution. Therefore, the inequality of (EC.36) has to be binding and the optimal 9: solves

)
0f(6)de - -
L 709 e,
2F(6,) f(6,)
The optimal p¥ and Q' are obtained by (EC.32) and %(é’; —Dn)? =pn—PnQ, in (EC.92), respectively.
[l

Proof of Theorem 1. By Propositions 3 and 4, we have
Jg:000)8 _F(@Q:) . S 0/0)0 _ F(E)
2F(Q*) £(Qz) 2F(0;)  fOr)
respectively. Thus Q% =0;. Recall that 9* Q% from Proposition 3. Hence, 9’; = é;.

Now we show that p* = p* as presented in Proposition 5(ii). Recall from (EC.17) that the optimal
sharing contract satisfies s, (d: (6_:)|§;*> =1 (9* - ﬁ;) +piQ% —pi =0, which can be written as

1 Ak *
(@ +07°) =}, (EC.38)
* * [ % _ )*2
since Q% = 6. Moreover, Proposition 3 indicates that f(Qf)) = st 22p HaicH , which is equivalent to
% Q3+p = by (EC.38). Note that Proposition 4 reveals that under the optimal nonlinear contract
F(‘? ) _ 9n+pn : * _ O* Ak Bk
o 5. Since Q; =07, then p; = p;.

At last, consider the optimal revenues of the two contracts. By (EC.38), we can derive the optimal

sharing contract’s revenue as

L (p:, Q;) =P F(07) = (Q*2 PAF(0:) =5 (Q22+ﬁ22)F(QZ)-

On the other hand, by (EC.30), the optlmal nonlinear contract’s revenue can be written as

1L, (P, Q. P7,)

1. ~ 1
(5052 = 0.5~ 5PV F(0;) 47, | 9f

2 n
1 A* 1 T/ N)* Ak )% )%
1 * Ak *
2(@ ).

~ oro)de _ _
where the second equality is due to % = pr + 0 from Proposition 4. Since Q% =0 and

Ps =Dy, thus IL(p;, Q3) =11.(p};, Q. D7,)- O
Proof of Proposition 5. Note that we have already proved p = p’ in the proof of Theorem 1. We
now will use this equality to demonstrate other results in this proposition.
(i) By (7), the optimal sharing contract’s revenue I1,(p¥, Q%) = p:F(0*). Using (13), we can write

the nonlinear contract’s revenue (12) at optimality as
e

(0}, QP2 =P P4, [ (6= (0)36. (EC.39)
PrtQn

Recall from Theorem 1 that IT,(pf, Q¥) = I1,(p%, Q%, pf). Thus, p*F(0) > pi F(0%). Moreover, since

Theorem 1 also shows that é* = 5* we have p? > pr. To see Q% > @)}, recall that 5:; > Q@+ by

Corollary 2 and 0% < p* +Q* by Corollary 1. Since 6% = * by Theorem 1 and p* = p¥, then Q* > Q7.
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(ii) The total customer consumptions under the optimal sharing and nonlinear contracts are
e

Q;F(6;) and Q,F(6;)+ (6 —p7,).f(0)do,
Pp Q7
respectively. Since 07 =0 by Theorem 1 and subscribers consume the same amount of data under
two contracts that will be shown in Theorem 2, it must be the total consumptions are the same under

sharing and nonlinear contracts i.e.,

o o e o o o
QFG)=QF@)+ [ (0-5)f 000 QF0) - QFE) = [ (0-7)f(O)0.
PrtQn prtQn
(EC.40)
The optimal nonlinear contract’s revenue in (EC.39) thus can be written as

@ [ — [ — [ —
L (P, Qs ) = P F( n)+pn/ o (0 = p,)f(0)d0 = p F(0;) + P, (QLF(03) — QL F(67,))-

t

Since 1, (p%, Q%, %) = I, (p%, Q*) = p: F(0F) and 6% = 0 by Theorem 1, therefore
(P}, Q3) —ILa(py, Qs 0) = PLE(07) = F(0,) D1 (QLF (0) — QL F(0,,)) = 0 = p = py, + 5, (Q; — Q).
(iii) We prove p; < p*/Q* < p:/Q? by contradiction. First, suppose p%/Q* > p¥ /Q%. By Proposition

4, pi, —p3Q5 = 5(0; 0 —p5)? > 0. Then, pt/QF > p%/Q% > pr. Therefore, we have
e

I, (0} Q%) = P F(02) + / -5 f(6)a8
p o pf+Q%) )
Q*Q () + 7, / M(e— 55)£(60)d0

Q Ps o For) /p o, OB 0

ps *®\
=0 ZLQLF(07) =11,(p%, Q).

where the third equality is due to (EC.40). However, IL,(p}, Q% ,pr) < Is(pf, Q%) contradicts with

I (py,, Q- Pr,) = 1Ls(p3, @7) as shown in Theorem 1. Thus, p;/Q; <pj /@,
Second, suppose p; > p%/Q*. Since we have demonstrated that p’/Q: > p¥/Q% above, then

~ e
(0}, QP =P ) 455 [ (05 f0)a0
p n

n

o e
=B QR+ [ (0- 500

n . Pr+Qn
> gs QEO)+ o | (O=)f(0)0
= QU () =1L (32,20,
which contradicts with IL, (pX, Q% , p) = I (p%, Q7). O

Proof of Theorem 2. (i) For a type-6 subscriber, where § > 6% = §*, Proposition 3(iii) and Corollary
2 tell us that her demands under sharing and nonlinear contracts are d*(6) = 0 —p* and d, (0) = 0 — 7,
respectively. Since pf = p* by Proposition 5(ii), we have d%(6) = d:(6).

(ii) Note d%(0) =6 — p: and d’ (0) =0 — p;, according to (4) and (9), we can write the consumer

surplus under sharing and nonlinear contracts as

S (d:0) 10) = 50— 52)? — (0 — P Q0) = 56— 1) -

(0: —p2)°

N —
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and

$u(d3(0)10) = 30— 937 — (v — D)
respectively. Note that (6% — p7)? = p;, — piQ; by Proposition 4(ii), p = i by Proposition 5(ii),
and 0* = 07 by Theorem 1(ii). Therefore, s,(d*(0) | ) = s,,(d%(0) | 6). O

Proof of Theorem 3. First, let {p,,,Qs,}, k=1,2..., K, be the optimal menu of the sharing con-
tract. By Lemma TS4, we can focus on the case that there are no speculators under this optimal
sharing menu. Moreover, by Lemma TS3, subscribers must be divided into K consecutive intervals
[§k7 ékﬂ), where k=1,2..., K and 0 k11 = 0. Now construct a K-tier menu of the nonlinear contract
such that {p,, = ps, —pstSk,an =0,Pn, = Ps, }- Then, for any 6 € [0),0)+1), Theorems 1 and 2
hold. Thus, the two contracts yield the same outcome.

Similarly, if {pn, , @ny:Dn, }, F=1,2..., K, is the optimal K-tier menu of the nonlinear contracts,
we can construct a menu of sharing contracts {p;, ,@s, } that yield the same outcome, where p,, and
Qs, are given by

{psk = Py + Py (Qsy, = Qny);

(Qu + 55 )[F(Br) — F(Bs1)] = /9 “op)de. O

Proof of Proposition 6. We show the revenue equivalence by demonstrating ﬁ: < ﬁ(: and ﬁ: > ﬁi*
hold simultaneously.

First, we prove ﬁ: < ﬁ:*, where ﬁ?l* represents the optimal revenue when @,, = 0. Denote (p%, Q%)
as the optimal sharing contract. According to the Law of Large Numbers, the market clearing price

Pt under (pf, QF) is determined by

S

total data supply total data demand
YN =) PO+e—ps=0)E, [di(0+€5) | 0+ eg— Py > 0] (EC.41a)
6€6; e each subscriber’s expected data demand
=Y P(O+es—ps >0)Ee, [0+ — s | 0+eo—ps > 0], (EC.41b)
0O}

where ©% = O,(p%, Q%,p*) = {0 | 3:(p%, Q%,p% | 0) > 0}. Next, we construct a nonlinear contract with
@, = 0 that yields the same revenue as the optimal sharing contract (p%, @Q%). Consider the nonlinear
contract (pl,Q.,p,) = (pt —prQ%,0,p%) and the expected surplus of a type- customer subscribing
to this contract. By (TS.12),

1
gn(pna napnle) = P(ﬁfn—i_anSe—‘rEG)Eeg |:2(H+69_ﬁn>2+ﬁ;LQ, i +Q <6+69 - fn

1
= P, <O0+€)Eq, |5(0+eo—5,)° P, <O+eo| —p] +D]QS

Ak 1 Ak Ak * A%k Yk
= PP, <0+e)E,, 5(9+ee—ps)2ps§9+ee — P+ PIQk

by (21 Q"
L ) §s(ps> s?ps ‘ 9) (EC42)

which implies that the constructed nonlinear contract (p/,, @, ,p.,) has the same subscribers as the

optimal sharing contract (p?, QF), i.e., ©:=0Y:={0]5,(p,, Q. ,p, |0) >0}
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Next, we compare the revenues of these two contracts. For the sharing contract, the only revenue
comes from p? that all subscribers pay. We then write ﬁ: = _peo: Ds- Since P, =pt—piQr, then
M= > (0, +9:Q0) = Y v +D5 Y P(O0+eo—ps > 0)Ee, [0+ €9 — o | 045 — p > 0]. (EC.43)

6co: 6cor 6cor
The nonlinear contract, on the other hand, has two revenue streams: the base subscription fee p/, and

the variable payment at a rate of j/,. Since @)}, =0, there is no allowance and each subscriber with
a strictly positive demand has to incur a variable payment. Let ﬁi’ be the revenue of the nonlinear

contract (P;m D)

0/

0, = > 0+ Eqldi(0+e)
oy oy
by LQO) / N A i~ A/
=N TP AL D PO+ €9 — P = 0)Ee, [0+ €0 — B, |0+ eg— 1, >0].  (EC.44)
oy ey

Recall that ©F = ©% and p* = p/,. Therefore, Eqs. (EC.43) and (EC.44) together implies II, :ﬁi’ <
o

Second, we prove ﬁ: > ﬁz*. Let p; and p; be the optimal base price and marginal rate of the
nonlinear contact when @),, = 0. Consider a sharing contract (p., Q") where p,, =p! + p:Q". Such a
sharing contract is valid if one of its parameters, either p. or @), is well defined. We choose to set ).
Note that the market clearing equation in (EC.41b) holds for any subscriber set. Moreover, the total
supply in the left-hand side is only determined by @), and independent from any parameter in the
right-hand side. Hence, the market clearing price p/, can be controlled by varying @’. In particular,
choose @), so that p, = p*. Similar to the derivations in Eqgs. (EC.43) and (EC.44), we conclude that
ﬁ?f = ﬁ; <TI., where ﬁ’s represents the revenue of the sharing contract(p), Q).

At last, we show ©F = ©%. Recall that we have proved TI, = ﬁ?: < ﬁ?l* and ©F = 0¥ for the
nonlinear contract (p,,,Q’,p.) = (pt — p2Q7,0,p?). Since I, = ﬁ?l*, then ﬁ(:: = ﬁ?l*. Therefore, non-
linear contract (p/,,Q’,,p,) is the optimal two-part tariff contract and has the same subscribers as
the optimal sharing contract (p%, Q%), i.e., ©F = QY. 0

Proof of Theorem 4. First, we show II? is decreasing in w,. For given w,, the optimal sharing con-
tract (p%, Q%), the corresponding equilibrium market clearing price p*, and the subscribing threshold

0% should satisfy

é;k B A: +7,Uu : 2 1 * N Vat
( 2?1 +w )Q - 5’%@3 +p:Q5 —p=0, (EC.45)
© oAk * ﬁ:-‘,—Q: A *
/ Mf(g)dg - / Mf(@)dg’ (EC.46)
PEHQE 1+w, 0x 1+ w,

where (EC.45) holds because the surplus of type-07 customer is zero, (EC.46) holds because demand

equals to supply in sharing market. We now show 9_;‘ is increasing in w, for given (p%, Q*). We prove it
by contradiction. Suppose 5;* is decreasing in w,, for given (p%, Q¥), i.e., jgi

of both sides in (EC.45) and (EC.46) with respect to w,,, we get

< 0. Taking the derivative
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f* _ﬁ* 4 qu* dé* (é* _ﬁ* _ Q*)Q _p Q* dh*
S S S * S _ S S S — S S EC.47
( 1+ w, +Q3)dwu (1+w,)? 14w, dw,’ ( )

© 1 dp: PR (1+w,) 2 40— pr — Q
- / F(0)d9 s = / (L )y +0 02 =Q FO)d9.  (EC48)

prrQr 1 +w, dw,, g% (1 + Wy, )?
Recall p; — w,Q% < 07 < p; + Q7, together with 9% < 0, (EC.47) implies 42 > 0. Then
the left side of (EC.48) is less than 0. Furthermore, (EC.47) is equivalent to (esﬁ%”@s +
* 0% * A * A: :(1+w“)di';f§+07 s QS

Qr )jzi — %[(1 + wy) g dps + 60 — pr — Q] > 0. Thus, 0%+Q (dlfwu)zp f(0)de >
£S+QS (1+w")‘f;"+$§)§ s f(0)df > 0, i.e., the right side of (EC.48) is greater than 0. It is a con-

tradiction. Hence, under the same sharing contract (pf, Q¥), if we decrease w,,, more customer will
subscribe (a smaller 6F), which leads to higher revenue. Let w, = fw,, it is easy to see the sharing
contract reduces to bucket contract if 3 is sufficiently large because all customers will use (), unit
data when the underage rate w, = Sw, is large enough. In other words, there is no trade-in. There-
fore, the nonlinear contract can yield higher revenue if 5 is sufficiently large. Next, we will show the
sharing contract can yield higher revenue than nonlinear contract when § = 1. Thus, there exists
a threshold /3 < 1, the sharing contract yields higher revenue than nonlinear contract if and only if
w, < fw, since the optimal revenue of nonlinear contract is independent on w,. Let v =1 / B, we get
the desired results in Theorem 4.

Now we show the sharing contract can yield higher revenue than nonlinear contract when 5 =1,
ie., w, =w,. By (EC.99), (EC.101) and Q* = 6 — j*, the optimal revenue under nonlinear contract

is

(0% Qi) = (L2 — g, — L 4 Woli WP ) 4 [ fO)= (G 3B
n\Pps &pnsPn) = 2 nPn 2p" 1_|_ 9;; 1+U)0 - 2n 2n
. (fgfj or(0)de/F(05)-05)* 92*
We construct a sharing contract (p, Qs), where p, = —2—— s 2 and Q, = 6. We will

show 0, = 0% and market clearing price p* = fgi) 0f(0)d9/F(0%) — 0 by the followmg three steps.

First, we show @ﬁ#fm — w,QF —ps +P:Q, =0, ie. , 55(d%(0,)]0,) = 0. That is

(és _ﬁ: + ons)
2(1+w,) .
:7(1 +w0)(§*2 *ﬁ;) - 7wo§;2 —Ps+ (1 +w0)pn0*

T

=~ 1
:5(1 +w, ) (02 —pr)? — 511)09;2 2(1 + 1w, )it — 9*2 + (1 +w, )P0 =0,

]' Ak
- 7on§ —Ps +pst

where the first equality is due to pt = (14 w,)pl, = féﬁ 0f(6 )d@/F(@:) — 07 and 0, = Q, = 07, the sec-
ond equality is due to p, = (fg; 0f(0)d0/F(0:) —0:)2/[2(1 +w,)] + 0% /2 = (1 +w,)p:2 /2 + 6% /2. Sec-
ond, we show (TS.19) holds for Q, = 0, = 0 and p* = f(g 0f(0)d0/F(6)—0%. It is easy to see (TS.19)
reduces to Q,F(6,) = f;:(& —p¥) f(0)dd when w, = w,. In other words, p* = f(;,(j 0f(0)d0/F(0,) — Qs,
which holds for Q, =0, =0 and p* = fg?; 0f(0)d9/F(0%) — 0. Third, we show p* < p,/Q, +w,Qs/2
and 0, > p* —w,Q,, then the equilibrium condition in Lemma TS7(ii) is satisfied with (TS.19) holds.
We have p,/Qs + w.@s/2 — p; = (1+ w,)pi2/(20%) + 05/2 + w,05/2 — (1 + w )152 = (14 w,)(p;, —
0:)2/(20%) > 0, where the first equality is due to p, = (1 +w,)p:2 /2 + 62 /2, pt = (1 +w,)p, Qs = 05
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and w, = w,. Furthermore, 0, — (p* — w,Q,) = (1 +w,) (07 — p%) = (1 +w,)Q% > 0, where the first
equality is due to p* = (1 +w,)ps, Q. =0, = 0% and w, = w,, and the second equality is due to
Q;=0;—
At last, we show IL,(p,, Q.) > (30;2 + 3p;2) F(0;) = (pil,QZ,ﬁZ) That is,
M9, Qu) =, F(6.) = <§9;:2 S DR @) > (362 + 5 F ()
where the second equality is due to p, = (14 w,)p:?/2+ 62" /2 and 6, =0, and the inequality is due
to w, > 0. O

EC3. Other Proofs in Main Body
Proof of Proposition 1. According to Lemma TS1, customers’ subscription decisions have a thresh-

old structure; we thus write the provider’s revenue-maximizing problem as

o C]
I (ps, Qs t )—ps'F(Hs(pS,Qs,ts))+ts~/§ 1d°(6) — Q.| f(6)do (EC.49)

where 0, (ps, Q) is the cutoff for customer subscriptions as identified in Lemma TS1.

max
ps>0,Q5>0,ts>0

First, consider the case with speculators. By Lemma TS2(i), ps > ps/Qs +ts. By (TS.1), we can

rewrite (EC.49) as
ﬁS+QS _tS

(5 Qest) =p @)+ [ Qu@)0+t [ Q= t =0 f0)0

As—ts

+ts/ (0 —ps— Qs —t.)f(6)d6
Ps+Qs+ts _
:pSF(és)Jers/

< (5.~ t)Q.F(0) + 2. |

Os

S ﬁS+QSitS
Q.f(0)d0 + 21, / (Bo+Qu—t, — 0)£(0)d0
Ps~ts Pt Qs—ts

QIO +2, [ T (p+ Q.= 0)f(0)8,
ﬁS_tS
(EC.50)
where the second equality is from the equivalence of (TS.5) and (TS.6), and (EC.50) is due to
ﬁs Zps/Qs +ts

We next show that the inequality (EC.50) can hold with equality all the time, i.e., one can always

Ds

ﬁs—ts

choose (ps, Qs, ts) such that p, =p,/Qs +ts. Let t), =2t and p,, = ps — t,. Then, (TS.3) is equivalent
to
A Ps+Qs . ] . )
[ Qo [T @@ -0 p0)d0- (07~ Q.~t)fO)8.  (EC5Y)
bs 4 Ph+Qs+th

Note that for any given (Qs,t.) there exists a p, defined by (EC.51). Then, by setting ps = p.Qs, we
have p, = p,/Qs + ts, which ascertains the equality of (EC. 50). Thus, we can write IT,(p,, Qs, ts) as

Po+Qs
(P, Qs, 1)) = PLQF +t/ Q.f(h d9+t/ (P4 Qs —0)f(0)do, (EC.52)

And we will show that the optimal profit must be achieved on the boundary.
Consider the first-order conditions of I (p, Qs,t,) in (EC.52)
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aHS N , _ aés o , ﬁ;+Qs
S =~ QO) 5+ QE@) +1 [ f(0)d0=0 (BC.53)
s s P
O o+ QB e @ 1, [ @000 =0 (BC.54)
aQs - ps s s s 8@5 ps s s 3, - :
aHS A/ / n 895 © A/ /
=L QIS+ [ 0= -Qu-f)fO)a=0,  (EC59)
ot oty Jprqett]

which connect the optimal contact with the subscribing threshold 6.
To establish the result, we need an intermediate step of proving
_ ) .
QSF(03> > fﬁls+QS+tls (9 _p; - Qs - t;)f(e)de

00, — o0, ’
Fa ot

(EC.56)

or equivalently,
Q.F(0,) o6, 00,
[S o (=, — Qo —t) f(0)d6 ~ 9B/ Ot
First, let us change the form of the left-hand side of (EC.57). Consider the right-hand side of (EC.51)
e B B
[ 0=F=Qu=t)f00 == [ (0§~ Q.~1)dF ()
p p

Qs+t L +Qs+t, o
= _<9 _ﬁ; —Qs— t/S)F’(Q) ﬁ{ngQSHg"‘r[ F(@)dﬁ
p

s +Qs+ts

@ —
_ / F(6)d8 (EC.58)
PetQs+ts

(EC.57)

and the left-hand side of (EC.51)

PL+Qs

P’ PitQs P, _
Q.f(6)d6 + / (7, + Q. — 0)£(6)d6 = / Q.(6)d6 - / (5, + Q. — 0)AF(9)

és A./S .
PL+Qs Qs
- / F(6)do
p

s

= [ Qu.I(0)d0— (B, + Q. ~ O)F ()

0s

o PetQs _
— Q.0 - / F(6)ds. (EC.59)
28
e

by (EC.51, EC.58) = / F(0)do, (EC.60)

PetQs+ts

respectively. Combining (EC.58), (EC.59), and (EC.60), we have
Qsp(és) _ fﬁ(z‘i‘Qs'i‘tls F(Q)d9+ fliS+QS F(Q)de _ 1 + fliS+QS F(e)de (EC 61)
fﬁ(z+Qs+t’s (0=, —Q, —t,)f(0)db fﬁ(2+Qs+t’5 F(6)do fﬁ(2+Qs+t’5 F(9)dd

Next, let us change the form of the right-hand side of (EC.57). Taking the first derivatives of both
sides of (EC.51) with respect to p, Qs, t. respectively, we have

_ 00, PatQs C
QI 5= [ foae [ f@)ae, (EC.62)
ap_s 0s Pet+Qs+ts
_ 90, PetQs © P
Quf@)so-= [ roao+ [ po)ao+ [ o). (EC.63)
0Qs Ja, Bl+Qs -+t 0s
_ 90, [°
QI0) 5= [ ). (EC.64)
s Pe+Qs+ts
Egs. (EC.62) and (EC.64) indicate that
_ — ﬁ/ +Qs €] ﬁ/ +Qs
s 0)do+ [ , f(6)do 1S 0)de
00, 00, [y SO0+ [ e f(O) . S 7 (0) (EC.65)

ap,/ ot, Sy f(0)d6 Jitvqure, £(6)06
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Combining (EC.61) and (EC.65), we have that
Q.F(8,) L0, 06, S5 F(0)do N S £(0)do
fﬁcz""Qerté <9 _ﬁ; - Qs o t;)f(e)de - aﬁ; at; fﬁCZ"rQs"Ft.ls F(G)de fp s+ Qs+t f(e)de
fﬁ?-}-QsH; f(Q)dQ > fﬁ5+Qs f(&)d@
L5, F(O)A0 ™ 149 F(9)d0”

p ps

—

which holds because
ps+Qs
Jirrauen SO0 J5 1o, 10 f7 FO0)0— [ o, 10)A0 [ £(6)d0
St o, FO)A0 ™ [7 o F(6)d6 f F(0)d0 — [, F(6)d0 e F(0)do’

where the first inequality is directly from Assumptlon 1 and the second inequality results from
Syt vo, t0do [ rodo

fe+Q Foyde — f Fo)de
oW we are ready to show that there is no interior solutions to the first-order conditions by

by Assumption 1. Therefore, (EC.57) holds and so does (EC.56).

contradiction. Assume the optimal solution is determined by the first order conditions. Then, (EC.53)
and (EC.55) indicate that
QuF(B,) +t, [ FO)A0  [S, 000 (0P, — Qu— 1) ()0

80 90 )
opl, ot

which together with (EC.56) implies that ¢/, = 0 for any possible solution to the first-order conditions.

Note that it is also possible that there is no solution of the first-order conditions. In that case,
optimal solutions may reside on the boundary such that at least one of p/. =0, Q, =0 and ¢/, =0 is
true. We prove that only t. =0 can hold. If §/, = 0, then reselling would not be profitable at all. If
Qs =0, then no sharing would exist since there are no supplies at all. Thus, it can only be ¢, =0, or
equivalently, ¢, =0.

Second, consider the case with no speculators. By Lemma TS2(ii), 6, > p, — t,. By (TS.1) and
(TS.2), we can rewrlte (EC.49) as

(e Qur ) =| 5 (6~ pu 417 + (. — £)Q.| F(6.)

Ps+Qs—ts (C]
L - g
= 5(9_ﬁ5+t5)2+(ﬁs _ts)Qs F(§S)+2ts/ (p5+Qs_ts _G)f(e)dea
L | 0s
(EC.66)

where the last equality is due to the equivalence of (TS.7) and (TS.8). Let ¢, = 2t, and p, = ps — s,

thus, we can write II,(p, Qs, ts) as

1 Pet+Qs
1L, (55, Qs s)—{2(9 )+ﬁ;Qs] (6 )+t/€ (. + Q. —0)f(h)do. (EC.67)

Moreover, (T'S.4) is equivalent to
o

PstQs
| w00 [ 05—~ )10, (BC.63)

P +Qs+t
And we will show that the optimal profit must be achieved on the boundary.
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Consider the first-order conditions of II,(p’, Qs,t’) in (EC.67),

aHS n N F(QS) 1.~ A1\ 2 N N n ! n 8§S
e 95— — _798_ s) — 5_98 95 N
e (AT BTN #7100~ (7, 4 )1 |reags T
HO B+ QIFO) +t [ f(O)8=0,
aHS n N F(§S) 1 - A1\ 2 N N n \+/ n aés
[ -2 L, - )= (0, + Q. — 0.t 1O,
50 =P 5 (G~ Q)01+ ) 155 o
FRFO) 1 [ fo)8=0,
0s
O, [ . FO) 1 o ] s 90

Ps+Qs
+ [T Q000 =o,

which connect the optimal contact with the subscribing threshold 6.

To establish the result, we need an intermediate step of proving
PLEO,)  Ji, " 0+ Q. —0)f(0)d0

5 2 7 , (EC.72)
Qs ot,
or equivalently,
5L F (0 0, 00
L (6.) zg : gtf. (EC.73)
b B+ Q= 0)f(0)de ORI
First, let us change the form of the left-hand side of (EC.73). One one hand,
PitQs PitQs _
|- 0s@d == [T 6+ Q.- 0)aF )
) ol [PQs
— Q.- OF O~ [T oy
o PetQs _ ’
—pLF(0,) - / F(0)do. (EC.74)
g
On the other hand,
PAQs EC.68) © . ,
[ e e 000 [T 0o nyrew
s o Pet+Qsttl
—— [ 0-p -~ t)AFO)
Pt Qs+t o
— OB~ Q=) FO) gt [ F(0)0
e ﬁ,s+QS+t/S
- F(6)do. (EC.75)
PstQs+ts
Combining (EC.74), (EC.75), we have
BEG) _GOPOW I PO Rew
PO (51 4 Q, — 0) £(0)d0 Sy s, F(0)A0 Jiruer, F(0)d0

Next, let us change the form of the right-hand side of (EC.73). Taking the first derivatives of both

sides of (EC.68) with respect to p, Q,, t. respectively, we have
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, _ 00, Pe+Qs e
0+ Q=008 05> = [ foe+ [ o), (BC.77)
P 05 PatQs+tl
N _ 0, Pst+Qs e
i+ Q=81 B = [ @0+ [ f(o)s, (EC.TS)
3Qs 0 Pet+Qs+tl
A~ n n 808 ©
(0 Qu= 0010 50 = [ o8, (EC.79)
ot Pe+Qs+ty
Egs. (EC.78) and (EC.79) indicate that
99, 196, _ éis+Qs f<9)d9+fﬁcz+Qs+t.ls 1(0)do =1+ éﬁ;ws f(6)d0 (EC.80)
9Q./ ot IS onee £(0)d6 S, F(0)d0
Combining (EC.76) and (EC.80), we have that
5L, _ 00 00, AL A (OL T
P4 Qu = 0)f(0)d0 0ROt T T D L F(0)A6 T [ g, S(6)06

Sy e JO)0 L5 f(6)a0
Jitequey, F(O)A6 = [579 F(9)d0°

p

<~

which holds because
Jorrauen SO0 Jiio, FO)0 _ [ [0 [0, /()80 _ [T £(6)d0
Jitsquee, FO)A0 ™ [T o F(O)d0 ~ [ F(0)d0 — [, F(6)d0 [ F(0)do

where the first inequality is directly from Assumption 1 and the second inequality results from
(€]
fe)yde fﬁ’s fe)yde

fﬁ’erQs

f;+Q o = f; s by Assumption 1. Therefore, (EC.73) holds and so does (EC.72).

ow we are ready to show that there is no interior solutions to the first-order conditions by
contradiction. Assume the optimal solution is determined by the first order conditions. Then, (EC.70)
and (EC.71) indicate that
PLE(0.) + 6" J(0)d0 [ (5 + Q. — 0)/(6)d6

_ Jbs
905 20 ’
Qs ot

which together with (EC.72) implies that ¢/, = 0 for any possible solution to the first-order conditions.

Note that it is also possible that there is no solution of the first-order conditions. In that case,
optimal solutions may reside on the boundary such that at least one of p/, =0, Q, =0 and ¢/, =0 is
true. We prove that only ¢, =0 can hold. If p/, =0, then reselling would not be profitable at all. If
Qs =0, then no sharing would exist since there are no supplies at all. Thus, it can only be ¢, =0, or
equivalently, t, = 0. n

Proof of Lemma 1. If a customer decides to subscribe to the service, i.e., ss(ds | ) > 0, we can

Jsg —

dds

derive her marginal utility change 0 —ds — p,. First, there must be a unique optimal d* because
the marginal utility change is monotone in d,. Moreover, since d, > 0, we have that if 8 < p,, then

g;z <0 and df =0; Otherwise, s,(d; | 6) is maximized at d*(0) =6 — ps. By (4),

Q_As .f0>/\s l0_/\82 As s — Ps .f9>As
aroy={ 070 02D ey gy = 20T D s 02D
0, otherwise 5.0, — s, otherwise,
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which shows that s,(d*(6) | 0) strictly increases in 6. Hence, there exists a unique 6, > 0 such that
s54(d%(0) | 8) > 0 if and only if # > 6. In particular, let 6, >0 be the solution to

S (d3(0)10) = 5 (05 +5.Q. —p =0 (BC.51)

We claim that customers subscribe to the service if and only if § > 0,. ]

Proof of Lemma 2. (i) By Lemma 1, d%(0) = max{6 — p%,0}. For speculators who does not consume

any data, d*(0) = max{f — p*,0} = 0, which occurs if and only if §, < p*. For these speculators, the

fact that they subscribe to the service indicates that s (d*(0) | 0) = p:Qs — ps > 0. Thus, p* > ps/Qs.

In this case, the total supply and demand of the sharing market are

PatQs Dy Pr+Qs
/9_ [Q, — d=(0)] £(6)d6 = /a Q.f(O)A0+ |~ (Q.—(0-1) f(6)d0 (EC.82)
and )
[ o=@ reas= [ (6-5)- ) 1O, (EC.83)

respectively. Equating (EC.82) and (EC.83) to attain the market clearing condition, we obtain (5).
(ii) By Lemma 1, d*(#) = max{f —p*,0}. The fact that there are no speculators means that d*(0) =
0 — pr for all subscribers, which occurs if and only if 6, > p*. For these subscribers, s,(d%(6)|6) > 0.

In particular, for the subscriber of type 6,
o 1 - 1 -
ss(d(0,)]0,) = 5(95 — P2 —pf+P5Q, =0 or equivalently 5(93 — P =p, —PiQ,>0.

Thus, p* <ps/Q,. In this case, the total supply and demand of the sharing market are

[ @ amysow= [T @05 g0 (EC.81)
and
[ 0= F@a0= [ (0-5)~Q.) FO)a, (EC.85)

respectively. Equating (EC.84) and (EC.85) to attain the market clearing condition, we obtain (6).
]
Proof of Corollary 1. By Lemma 1, the demand of subscribers of type 6 is d%(0) = max{6 — pZ, 0}.
Therefore, subscribers will buy 6 — p* — Q% units in the sharing market if and only if d*(8) = max{6 —
p%,0} > Q7 ie., > Q* 4 p*. By Lemma 2, customers subscribe to the service if and only if 6 > 67,

thus subscribers of type 6 € (0%, Q* + p*) will sell data in the sharing market. O
Proof of Lemma 3. We can write s,(d,, | 0) in (9) as
—1d? +0d, —p,, itd, <@,
sn<dn|9>—{ 2 e s

Note that s,(d, | ) is concave in d,, when d,, < Q,, and d,, > @, respectively. Then, conditional on
the fact that a customer has already subscribed to the service, i.e., s,(d, | #) >0, we can derive her

demand by the first order condition (FOC). Hence,
850 [0—d,=0, if d, <Qu (BCS6) . L. _ [0, it d, <Q, (EC.88)
od,  \0—dy—pn=0, ifd,>Q, (EC.87) S0 —p,, ifd,>0Q,. (EC.89)
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We next write d; as function of customer type 6. First, if 0 < Q,,, it is easy to see that d’(0) =6
by (EC.88). Second, if 6 > p,, + @Q,,, then by (EC.89) we have d}(0) =0 — p,, > Q,. At last, we show
that d*(0) = Q,, if Q, <0 <p,+Q.:

(i) Assume a type-0 customer consumes d,, < @,,. By (EC.86), g;z =0—-d,>Q,—d, >0, then the

customer prefers increasing her demand to @Q,,, i.e., d5(6) = Q..

(ii) Assume a type-0 customer consumes d,, > @,. By (EC.87), ggz =0—d, —Pp <pPpp+Qn—d,—

Pn=Qn —d, <0, then the customer prefers decreasing her demand to @, i.e., d*(0)=Q,. O

Proof of Lemma 4. By Lemma 3, we can write s,(d, | 6) in (9) as

1
30 =P, if 0<60<Qn (EC.90)
1
su(d,(0)[60) =4 0Qn—5Q7 = pn, if Q<0< o+ Qn (EC.91)
1

If pp > 3(0 = Pn)? + PnQn, 5u(d(0=0)]60=0)<0. Since s,(d;(0) | ) strictly increases in 6, no
customers earn positive surplus and hence there are no subscribers. On the contrary, if 0 < p, <
2(© = Dn)? + PnQn, $a(di(0=0)]10=0) <0 and s,(d; (0 =0©) |0 =0) > 0. Therefore, there exists a
unique 6, such that s, (d%(#) | ) =0 and customers subscribe to the service if and only if 6 > 6,,.

Next, we characterize ,,. First, let us consider the case 0 < p,, < Q? /2. For any customer of type
0 € [Qn:Pn+Qn), su(d;(0)0) =0Q, — Q% — p, > 0Q,, — Q2 >0 by eq. (EC.91). For any customer
of type 6 € [pr + Qn, 0, su(d(0) [ 0) = 5(0 — Pn)* — (Pn — PnQn) = Q2/2 + PuQn — pn > 0 by eq.
(EC.92). In other words, all customers of types 6 € [@,,, ©] choose to subscribe. Thus, the continuity
of s, implies ,, < Q,: setting s, (d%(#) | 0) in eq. (EC.90) to be zero, we have 6, = /2p,,.

Second, consider Q2 /2 < p,, < p,Q, + Q2 /2. For any customer of type 6 € [0,Q,,), s.(d:(0)|0) =
20 —p, < 360° — 2Q2 < 0 by eq. (EC.90). In other words, no customers of types 6 € [0,Q,,) choose
to subscribe. For any customer of type 0 € [p, + Q,, 0], s,(d5(0) | 0) = 3(0 — pn)* — (P — PnQn) >
2Q2 — (pn — Pu@y) > 0 by eq. (EC.92). In other words, all customers of types 6 € [p, + Q,, O] choose
to subscribe. Thus, the continuity of s,, implies Q,, < 0, < p, +Q: setting s, (d%(0) | §) in eq. (EC.91)
to be zero, we have 0, = p,/Q, + Q2 /2.

At last, consider p,Q, + Q2%/2 < pp < 3(© — pn)* + PuQy-. For any customer of type 6 € [0,Q,,),
su(di(0) | 0) = 36% —p, < 20 — 1Q% — p,Q, < 367 — 2Q2 < 0 by eq. (EC.90). In other words, no
customers of types 6 € [0,Q),,) choose to subscribe. For any customer of type 0 € [Qn,pn + Qn),
5a(d2(0) 1 0) = 0Q0 — 5Q2 = P < (u + Qu)@n — SQ2 — pu = PuQn +Q2/2— p, <0 by eq. (EC.O1).
In other words, no customers of types 0 € [Q,, P, + @) choose to subscribe. Thus, the continuity
of s, implies P, + Q, < 6, < O: setting sn(d:(0) ] 0) in eq. (EC.92) to be zero, we have 0,, = pn +
NI Non) .

Proof of Corollary 2. By the proof of Proposition 4, we know the service provider earns the optimal
profit when p;Q, + Q2/2 < p, < 2(0 — pn)? + pnQ,. Therefore, 0% is given by Eq. (EC.92) in the
proof of Lemma 4, which implies that 6% > p* 4+ Q7. Moreover, Lemma 3 indicates d* () = 6 — p* > Q*

n

for any 0 € [07,0]. O
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Proof of Lemma 5. 1If allowing all to trade in the same resale market, by Lemma 1, d:k(ﬁ) =
max (6,0}, Thus, 5., (5, (6) 6) — ., (d5,(6) | ) = (~pu, +51,Q.) — (~puy +5.,Q.,) by Eq. (TS2).
Therefore, all subscribers will choose the same tier k*, where £* = argmax —p,, + p,, @5, . In other
words, offering a menu of sharing contracts equals to offering one contract. Therefore, restricting
trading to subscribers of the same tier can generate a higher optimal revenue. O

Proof of Proposition 7. ﬁ: < ﬁz is straightforward since Proposition 6 reveals that the two-part
tariff yields the same revenue as the optimal sharing contract but is a special case of the nonlinear
contract. U

Proof of Proposition 8. Proposition T'S1 shows that the service provider may choose (ps, Qs) such
that either sharing with speculators or sharing without speculators takes place. We shall first show
that sharing without speculators yields no less revenue than sharing with speculators.

Consider a given sharing contract (ps, Q) so that 0 < Q, < @Q,. In this case, sharing with speculators
occurs by Proposition TS1(i). Consider the revenue function II,(ps, Q) = pF(f,) and note that

F(0,) = ([, habeme £(0)d0 + ), o, *Eabeels f(0)d0) / Q, by (TS.18). Thus, we write

Ps—wuQs 1+wy 14w

_ PiHQs ) — p* 4w, Q © 0 p +tw,Q
HSS,S:SFQS:S/ s—usgdg/ =P +woQs de/s
(p Q) ! ( ) ! (ﬁzqus 1+wu f() " PE+Qs 1"i_’wo Q
(EC.93)

Recall f;fos O=ps+uwnQs ¢ ()46 + fﬁ(—;)wQs 0=ps+woQs £(9)d9 decreases in pF and p* > p,/Qs + w, Qs /2

Wy Qs 14wq, 1+wo

by Lemma TS7(i). Therefore, (EC.93) indicates

H (pS7 ) (pS/Q ) (pS/QS quS/2)657 (EC'94)
where @, is defined in Proposition TS1.

We next show that there exists a sharing contract under which sharing without speculators occurs
and the resulting revenue equals to (p,/Q.)F (ps/Qs — w.Qs/2)@,. Therefore, the maximum rev-
enue by inducing sharing without speculators is no less than that with speculators. Denote p¥’ a
the market-clearing price and @’ as the subscribing threshold, i.e., s, (d* AN ) %

W, Q) 2y 4+ p¥Q" =0 under (p.,Q"). It can be shown that the market clearlng equation (TS.19)
is achieved at 0, = p*’ —w, Q" and p* = p*’ under (p,, Q). Moreover, 0, = p*' — w,Q’, and p = p*’
must be the only solution due to the uniqueness of the equilibrium. Thus, 9’ Py — w, Q' and
5s (d2(0)10,) = — 4w, Q2 = pl, + 5y Q} =0, which imply p}' = pl,/Q} +w,Q,/2 and 0, = ;' — w, Q) =
p./Q. —w,Q" /2. Recall p./Q. =p,/Q, and Q" =Q,. Now consider the revenue under (p,, Q")

L, (p. Q1) = P F(0,) = (1}, /Q) (p /@~ wuQ/2)Q, (EC.95)

where the inequality is due to QS < QS. Puttlng (EC.94) and (EC.95) together, we claim that sharing

without speculators must yield a higher revenue than with speculators.
At last, we solve for the optimal contract (p%, Q%). Since p* >0 and Q* > 0, the optimal solution
is either on the boundary or a stationary point. However, II;(ps,@s) =0 for ps =0 or Q; =0 and
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I, (ps, Qs) > 0 for ps >0 and @, > 0. The optimal solution must arise at a stationary point. Consider
the first-order conditions of (7)

o, - - _ 90, 00, F(0,
o on, w, T (BC.96)
aQs :_pSf(HS)aQS =0 GQS =0

which demonstrates the connection of the optimal contact with the subscribing threshold 6,. We thus

explore the properties of 6, which arises together with the market clearing price P via (TS.19). Recall
Ak 2 — —

OBt 11y, Q2 —py +p3Q, = 0 implies 7 = B, +/(1+w,)Q2 — 2(1 +w,)8,Q, +2(1 +w,)p, —

Q5. Then, taking the first derivative of both sides of (TS.19) with respect to p, and @, respectively,

we have
QQ _ ) (/P3+Qs 1 /@ 1 >8A*
———=5 == f(0, #)de 0)de £=0 EC.97
g - ([ e [ o) —o (e
op% _ 08y (1wu)(Qs G2 1)
where Ops ~ Ops \/(1+11)u)Q2 2(1+wu)05 S+2(1+wu)ps. And
op o ops
— Qs .~ /ps+Qs 56 — Wu /O 30; — Wo _
— 0, == f(6)df — == f(0)df = F(6,), EC.98
e LS M S (DL B e (O E AN LSRR
813: _ Lé‘s _ (1+wu)(nggss+és_Qs) _ aés _ . .
where 5= = ac,(gs \)/(1+wu)Q§72(1+wu)§st+2(1+wu)ps 1. Note 0. =0, we rewrite (EC.98) into
(I+wy) és*Qs ﬁ:-‘,—Qs 1 _ . s . Nx *
\/(1+wu)Q§—2(1+wu)§st+2(1+wu)ps( bs T f (0)d0+ f i+, T/ (0)46) = 0. This implies 67 = Q;
- 0,
and pr = /(1 +w,)(2p* — Q*2). Plugging 67 = Q* and g ]E(Q) into (TS.19) and (EC.97), we
ps ps
get
_ PS-‘:—QSQ +U}Q e eiﬁ*er Q*
F(QY) = 0=, +w.Qs 9d9+/ — 275 £(h)db
QF@)= [ T s [ S )
and

([ rwane [T oya0) (E L5 (1, o) ¢ LIy P

x 1+w, PEHQE 1+w, 2

0

Proof of Proposition 9. By Lemma TS9, if p, > %%Qn) + PnQn — w"Q", no customers sub-

scribe and I(p,,, @, P,) = 0. We thus only need to cons1der 0<p, < W + PnQn — w"—Q".

Specifically, we deliberate three cases: (a) 0 < p, < ; (b) % & <p<p.@Q:+ Q"' and (c) p,Q2 + % <

O —pn+wo n2 A o 72'L
Pn > (5(1#32)""1771@71_ “ QQ

. We shall show that case (c) yields more proﬁt than the other two
cases and shall characterize the optimal solutions from case (c).
(a) 0<p, < %31 In this case, 0, = /(1 + wy)(2pn + w0, Q2) — w,Q, < Q,, by (TS.31). The revenue

function in (12) and its derivative in @,, can be written as

A _ e . ol . Eya
(P, Qus) = puF0) 40 [ (6 o= Qu)F(6)00 and 50" =5 Fi(pa + Qu) <0
pn+Qn Qn
It is obvious that II(p,,@Qn,DP.) is decreasing in @, for a given p, if 0 < p, < %31 Hence,

H(pp, QnyDn) < U(pn, Qr = V(1 +w,)(2pp + w,Q2) — w,Q,, ) in this case. Therefore, the profit
cannot be more than that when Q2 <p, <p,Q, +3Q2, i.e., case (b).

14w,
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(b) %% < Pn < D@ + %% In this case, 0, = pn/Qn + Qn/2 by (TS.31) and Q,, <0, < p+ Q. We

can rewrite the revenue function I1,,(p,, @, pn) in (12) in terms of (6, Q,,p,) as
e

L6, Qo) = 0@ = SQVF @) +5u [ (0= —Qu)F(0)00,

Prnt+Qn
By the same analysis of Case (b) in proof of Proposition 4, we can show that the maximum value

of Hn(ﬁ_n, @, Pn) must be achieved at 0,, = pn + Q.. In other words, the optimal solution must be a
boundary point, which will be considered in case (c)

2 A 2 2 —
(c) Pu@n + G < pp < Efedtaul 4 5, — “fu. By (TS31), we have 0, = p, +

VI +w,)2(pn — Pu@n) + WeQ2) — W@y > P + @, which is derived from setting (TS.34) to zero

n A N2
so that p, = % — 2w,Q2 + PnQy. Rewrite the profit function (12),

én_An 2+2 oén n — Wo 2_2A2 —/n A~ ©
(0 — Pn)* + 2wo0, Qn — W Q7 Do 5(6,) + o [
2(1—!—’(1}0) On, 14w,

f(6)do,  (EC.99)

Hn(pn, Qnaﬁn) =

and its derivative in @,

o,  w,(0, —Q,) -
= F
0Qy, 14w,
Hence, II(p,, @, Pyn) is increasing in @,, and it is optimal to let Q,, = 0,, — pn. Plugging Q,, = 0,, — py,

into (EC.99), we get

Hn(pm Qnaﬁn) = (

(6,)>0.

1, - 1 WolnPn « =, ~ © 9
Loz g5 Lo Wolnbuypg n/
5 p 2pn+1+wo) (0n) +D T,

which only depends on 6,, and p,. By the FOCs, the optimal nonlinear contract must satisfy

f(0)as,

aH” _(n f)n ) 1 o R i
8571 o (en 1 +U}O>F(9n) 5_(911 pn)f(en) - 07 (EC].OO)
81_[" © H en A (0 )\ —
o Ja, 1+wof(9)d9_ (1+w0 +Pn)F(9n)—0- (EC.101)

Solving (EC.100) and (EC.101), we obtain

272 fgief(e)de N2 o /gef(Q)dG i
(1wl = (P —=0s)  FG) . _ Ja, b,
J, 01040 i) 700 T Ut wn) P, 1tw,
F(0n) n

2 {(1 + w, )20, —

n* * Ak )2 n* Ak 2 — —
Moreover, p* = % — %onff +p:Qr = w +p5 (07 — p) due to Q;, =07 —pr. U

EC4. Proofs in Section EC1
Proof of Lemma ECI. 1t is obvious that s(d|6) in (EC.1) is concave in d. Hence, if a customer
has already subscribed to the service, i.e., s(d|6) >0, we can derive her demand by the first order

condition (FOC). Taking the derivative, we have
Os
—=0—-d=0<=d"(0)=0.
94 0 (6)

Note that by definition of a bucket contract, d < @. Thus, d*(§) = min{f, Q}. According to (EC.1),
we can write s(d*(6) | 0) as

1

—6* —p, if0<6<Q (EC.102)

s(@@)10)=42 1 _
6Q - 5Q°—p, Q<6<O. (EC.103)
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Ifp>Q*2+0Q, s(d*(0=0)]0=0) <0. Since s(d*(0) | §) strictly increases in 6, no customers earn
positive surplus and hence there will be no subscribers. On the other hand, if 0 < p < @Q?*/2+ 0Q,
s(d*(#=0)]6=0) <0 and s(d*( =0©) | § = ©) > 0. Therefore, there exists a unique # such that
s(d*(0) | 8) =0 and customers subscribe to the service if and only if § > 6.

Next, we characterize . First, let us consider the case 0 < p < Q? /2. For any customer of type
0cQ,0], s(d*(0)|0)=0Q —1Q*—p>0Q —Q*>0 by Eq. (EC.103). In other words, all customers
of types 6 € [Q,0] choose to subscribe. This implies § < Q: setting s(d*(0) | §) in Eq. (EC.102)
to be zero, we have § = \/2p. Second, consider Q?/2 < p < Q?/2 + OQ. For any customer of type
0€[0,Q), s(d*(0)]0) =362 —p <367 —1Q*> <0 by Eq. (EC.102). In other words, no customers of
types 0 € [0,Q) choose to subscribe. This implies § > Q: setting s(d*(0) | §) in Eq. (EC.103) to be
zero, we have 6 =p/Q + Q/2 and d*(f) =min{f,Q} = Q for § > 4. O

Proof of Proposition EC1. By Lemma ECI1, if p > Q?/2 + ©Q, no customers subscribe and
I(p, Q) =0. We thus only consider two cases: (i) 0 <p < Q?/2 and (ii) Q?/2<p<Q?/2+6Q.

(i) 0<p<Q?/2. In this case, O(p,Q) = /2Zp by Lemma ECI and TI(p,Q) =p - F(0(p,Q)) =
pF(y/2p) by (EC.2). Note that TI(p,Q) is in fact a univariate function in p and we thus write it in

short as II(p). Taking the first-order derivative, we have

o - F(\/2p) 1
=F —ﬂ/ pf(V2p) =0 — —T—=-_. EC.104
p (vVp) V2 f(V2p) 2 ( )
We shall show that Eq. (EC.104) has a solution, denoted as p*, and moreover p* = arg max, I1(p).
Since F(-) has an IFR, \/5(,@) is decreasing in 4/2p. Note that hm F}(ﬁ)) = oo and
phﬁrgo \ﬁ(}{?) 0, thus there exists a p* such that f}(ﬁ)) = <. For the optlmahty of p*, let us

consider 0II/dp. Since F(-) has an IFR, it is easy to see, from Eq. (EC.104), that 0II/9p > 0 if
0<p<p*and 9ll/dp <0 if p > p*. In other words, II(p) is increasing for p < p* and decreasing for
p>p*. Thus, p* = argmax, II(p). Moreover, there are infinitely many optimal free allowance QQ*’s as
long as Q* > 1/2p* and customers subscribe if and only if § > 8(p*, Q*) = /2p*.
(i) Q?/2<p<Q?/2+OQ. In this case, A(p,Q) = p/Q + Q/2 by Lemma EC1 and I(p,Q) =
F0(p,Q)) =pF(p/Q+Q/2) by (EC.2). Taking the first-order derivative w.r.t. Q gives

MNp.Q) 1
s = 1010+ @/ (- 5) =0,

which implies that II(p, Q) is increasing in @ when Q?/2 <p < Q?/2+ 0Q. Hence, we conclude that
the optimal solution must be obtained when p = Q?/2. We then can transform (EC.2) as follows

max 11(p.Q) =p-F (0 (0.Q)) =pF(p/Q+Q/2) += max 11 (p,Q = /2p) =pF (/7). (EC.105)
Following similar analysis as in case (i), we know that II(p,@) is maximized when p = p* and
Q* = +/2p*, where p* is the solution to (EC.104). Moreover, customers subscribe if and only if 6 >
0(p", Q") =p"/Q"+Q" /2= Q" = /2p".
Combining the results in cases (i) and (ii), we conclude that the optimal price p* is determined by

(EC.3), Q* > /2p*, and 0* = 0(p*, Q*) = \/2p*. O
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Proof of Proposition EC2. (i) We first show 6, <. By Lemma 2, the equilibrium under a sharing
mechanism may have two forms: sharing with and without speculators. We shall show that 6, < 6
hold for both scenarios.

Sharing with speculators. If @, =0, the result is trivial. If §, > 0, the proof of Lemma 2(i) reveals
that 0, < p* = p,/Q,. The result , <@ holds if § > p/Q = p,/Q,, which we shall show next. By
Lemma ECL, if p < Q?/2, 6 = \/2p, we have \/2p/(p/Q) =2Q/ /b > V2+/2p/\/p=1; If Q*/2<p<
Q*/2+0Q, 0=p/Q+Q/2>p/Q.

Sharing without speculators. In this case, (EC.81) implies that %(és —p5)? =ps — PrQ,. Moreover,
Lemma 2(ii) shows 6, > p*. Thus, we have 0, = \/2(p, — p:Q,) +p*. If p < Q?/2, § = \/2p by Lemma
ECLand 0= 0, = /2= 2. = 5iQ.) =9 = V2 = V2p = iQ) = i = = o — i, where
the second equality is due to (p, Q) = (ps, Q). Since p < Q*/2 and prQ >0,
g 2:0 . 2% o 2%

s = = —ps > — —pr> =Yt =0s0,<0.
V2p+/2(p - Q) V204 2(p - p:Q) V2p++/2p
Consider Q?/2 <p < @Q?*/2+ 0Q and apply the inequality of arithmetic and geometric means,

0=p/Q+Q/2=(p/Q—P1) +Q/2+P; > \/2(p— PiQ) + i = \/2(ps — P Q) + P’ = b,

where the third equality is due to the fact (p,Q) = (ps, @s)-

Next, we show 6,, < 6. We will consider two scenarios according to the values of p and Q. (a) If
p<Q?/2,0=+/2p by Lemma ECI. Since p, =p and Q,, = Q, p, < Q2 /2 as well. By Lemma 4, p,, <
Q%/2,0,=+/2p,=0. (D) IfQ*/2<p<Q?/2+0Q, 0 =p/Q+Q/2 by Lemma EC1. However, , may
have two forms according to Lemma 4. In case that Q2 /2 < p, < $nQn + Q2 /2, 0, = 10/ Qn + Qn /2.
Then, §, =#. In case that $,Q, + Q2 /2 <p, < (0 —=Pn)* +PnQn, 0, = Pr 4+ /2D — Pn@,). Taking
the first-order derivative of 6, w.r.t. p,,

LU S ©r o,
Opn V2(Pn = PaQn) V2(uQn + Q2/2 = DuQn)

where the inequality is due to p, @, + Q> /2 < p,. Thus, 6, increases in p,, which implies that

On = Pn+ 1/ 2(pn — PnQn)
< Pu/Qu— Qu /241200 — (90/Qn — Qu/2)Qn)
= Pn/Qn+Qn/2
= p/Q+Q/2
= 0.

The inequality is because p, < p,/Q, — Qn/2 by P.Q, + Q%/2 < p, and the second-last equality is
due to the fact that (p,Q) = (pn, @Qn)-

(ii) We first show s,(d%(0) | ) > s(d*(0) | ). Note we have proved that 6, < @ in Proposition EC2(i).
Thus, customers of type 6 <  subscribe to neither contracts, thus their surplus equals zero under
both contracts. For customers of type 6, < 8 < 6, they only subscribe to the sharing contract but not
to the bucket contract by Lemmas 1 and EC1, respectively. Therefore, s,(d%(6) | 8) > s(d*(8) | §) =0.

Next, we consider customers of type 6 > 6 for two cases:
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(a) 0 <0 < pr. In this case, d*(f) = min{f, Q} and d*(#) = max{f — p*,0} = 0. By (EC.1) and (4),
S (0) P <00 (0)~p < pQ—p= 5.(d:(0) | 0),
where the last inequality is due to 8 < p* and d*(6) < Q.
(b) 0> f*. Tn this case, d*(6) = min{#, Q} and d(8) = max{0 — pr,0} = — . By (EC.1) and (4),
S (6) 1 0) = 04 (6) — 5 (4°(0)* —p=0d (6) ~ 52Q — 3 (4" (6))* +7,Q .
Since d*(0) < Q, then

s(d*(0) | 0) = 0d*(8)

(" (8) | 6) <0 (0) ~ 5L (6) — + (€ (0)) + :Q —p < 20— 51+ iQ —p=s.(d5(6) 0.
where the last inequality is because (0 —p?) - d*(0) < L(0 —p7)> + L (d*(0))*.

We next show s, (d%(0) | 6) > s(d*(0) | §). Note we have proved that 6, <@ in Proposition EC2(i).
Thus, customers of type < 6 subscribe to neither contracts, i.e., s,(d%(0) | 6) = s(d*(9) | §) = 0. For
customers of type 6, <6 < 0, they only subscribe to the nonlinear contract by Lemma 4 but not to
the bucket contract by Lemma EC1. Therefore, s,,(d%(0)|6) > s(d*(0) | 8) = 0. For customers of type
0 > 0, we consider three cases:

(a) 0 <0 < Q,. In this case, d*(0) = min{f, Q} = 6 by Proposition EC1(ii) and d*(0) =6 by (10).
Since (p, Q) = (pn, @) and p,, >0, we have, from (EC.1) and (9), that
S (O~ p=005(0) — S(F:(6))" — P pald(0) ~ Q) = 5,(d;(6) | 6).

(b) Qn <0 <P, +Q,. In this case, d*(0) = min{h, @} = Q by Proposition EC1(ii) and d},(0) = Q.
by (10). Since (p, Q) = (pn, Q) and p, >0, we have, from (EC.1) and (9), that
— S (0) o~ Pl (6) ~ Q)" = 5.(d3(0) | 6).

(¢) Pn+Qn <0 <0O. In this case, d*(#) = min{f, Q} = Q by Proposition EC1(ii) and d*(0) =0 —p,
by (10). We have, from (EC.1) and (9), that

S (6)16)=6a°(0) ~ 3 (&°(6))* ~p=0Q — 2@* ~p,

s(d*(0) ] 0) = 0d*(6)

S (6) 0) = 04 (6) — 5 (d"(9))* — p =04 (0)

and
* * 1 * A * 1 N 1 A A
sn(d5,(0) 10) = 0d5,(0) = 5 (d5,(0))° = pn = Pu(d5(0) = Q)T = 50% — 0P + 57 + PuCn — Pr-
Taking the difference,

$u(d3(0)10) = S(d"(0) [ 0) = S0 — (B + QU0+ 392+ 5@+ 50+
3 QO+ L (5 Q)
L (9 _ﬁn - Q)2

"2
>0,

where the second equality is because (p, Q) = (pn, Qn)-

(iii) By (EC.2) and (7), II(p, Q) = pF(0) and I1,(p,, Q) = ps F'(6,). Recall from Proposition EC2(i)

that 0, < 6. Hence, I1,(ps, Q) > TI(p, Q) when (p, Q) = (ps, Q). By (12), I, (pn, Qn,Dn) = 0nF (0,,) +
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e _ _
o | (0= 52) = QuIAF(6). Since 6, <8 from () and p, >0, TL,(py. Qufn) = (5. Q)
max{en Pn+Qn
when (p,Q) = (men) O

Proof of Proposition EC3. (i) We first show 9* < 6*. By Proposition 3, we have 9* Q:. Thus, é;

P _ 5 orods

flo;) e
FB;) _ 2 0F0)40 1 P
0:f(6:)  20:F(0;) — 2 0°f(0°)

also satisfies (8), i.e., , which implies that

(EC.106)

9 — — —
The inequality in (EC.106) is due to /_ 0f(0)d0 > 0:F(0%) and the last equality results from
F7) 1
_ ( _) = — in Proposition ECI.
0 f(6) 2 ]
Recall that F'(-) has an increasing generalized failure rate, i.e., fjf(”;)) is decreasing in z. Conse-
F@) S orods

F@;) e

quently, (EC.106) implies that 07 < #*. By Proposition 4(i), Applying analogous
analysis as above, it is easy to see 6’_;: < 6*.

(ii) This result is straightforward from Proposition EC2(iii).

(iii) Recall that * = Q* and 6* = Q* from Propositions EC1 and 3, respectively. Since §* < * from
Proposition EC3(i), we have Q* < Q*. Moreover, we have Q* <% —p <07 from (13). Since 6% < 0*
from Proposition EC3(i), we have Q < Q*.

We now write out the total usage under each optimal contract. The total usage under the optimal

bucket contract can be written as / d*(0) f(0)d6. Since d*(0) =min{#, @} by Proposition EC1, we

can find an upper bound of the total usage, i.e.,

/ &*(6) £(6)d8 < Q* F(6*) = Q* F(Q*). (EC.107)
Under the sharing contract, all goods sold by the provider will be consumed due to the market

clearing mechanism. The total usage under the optimal sharing contract is

[ o= 0:re) = 0:F@), (EC.108

£

where the last equality is because é;‘ = ()% by Proposition 3. The total usage under the optimal
nonlinear contract can be written as
e e e © o
[ dj;(&)f(@)dezﬁ (G—ﬁZ)f(Q)dez[ 0dF(0)— [ 0f(0)d0+ 0. F(8:) =0 F(@7), (EC.109)
o o 03, on
where the first equality stems from Corollary 2 and the second equality is due to pf =

@ —_ —
/_ 0f(6)d0/F(6;) — 0 in Proposition 4.
o

) )
In order to show [ 0)do >/ d*(0)f(0)dd and [ d.(0)f(0)dd > [ d*(0)f(0)ds. We
0% ax g
need to establish the followmg lemma.

4 Note that there exist multiple optimal bucket contracts and we choose the smallest optimal allowance for the proof.
In this case, #* = Q* by Proposition EC1.
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LeMMA EC2. If F(z) has an increasing failure rate (IFR), then xF(x) has an inverted U-shape

in [0,0)], i.e., there evists a unique v* such that xF(x) increases in [0,2*] and decreases in [2*,©)].

Proof of Lemma EC2. Consider the derivative (xF(x))l = F(z) — xf(x). Since (xF(x)>;:O =1
and (mF(x)>;= < 0. Therefore, there exists an 2* > 0 such that (:UF( )) = =F(z*)—a* f(a*) =
or equivalently, F}‘f = 1. Moreover, since F(-) has an IFR, i.e., b}(( 7 s decreasing in z, such an z*
must also be unique. As a result, for any 0 <z <z* (z > z*), j;((?) > (<) f}fz*) =1, which implies
that (xF(x))’ZF( )—zf(z) > (<)0. O

To show /:) d:(0)f(0)do > / d (0 0, (EC.107) and (EC.108) suggest that it is sufficient to

demonstrate é:ﬁ (Q* ) > Q*F(Q*), which will hold if * < Q* < Q* due to Lemma EC2. Since we have

Q*) :fQj; 0f(¢ )d@/(QF( W)
and we also have fe* 0f(0)d0/F(0%) = (Qr +p*) from (EC.17). As a result,

P(Q:) O (@ )2 < 0
ot = [ r(0)0  CR@) = (@: + )2 < @ (BC110)

where the inequality is due to the fac that 6% = Q% by Proposition 3 and 6% > p* by Lemma 2. Since

f(:(” =1 and F(w) decreases in , we thus conclude z* < Q7 due to & ;?Q* <1 from (EC.110).

To show / d(9)f(0)do >/ d (0 0, (EC.107) and (EC.109) suggest that it is sufficient to
demonstrate 9* (6 ) > Q*F(Q*), which will hold if 2* < 0% < Q* due to Lemma EC2. Recall that
9;; < 6* by Proposition EC3(i) and 6* = Q* by Proposition EC1, thus it is obvious that 9;; < Q*.
Then, we only need to show 2* < 6*. By Proposition 4,

_ )
0D S TOD _ ;v <,
f0;) 21(0;)
where the second equality is due to (EC.35), and the inequality is due to 6 — p* > 0 from Proposition
4. With similar analysis applied to (EC.110), it follows that z* < é;i. O
Proof of Proposition ECJ. Note ﬁ: < ﬁ; from Proposition 7, then we should prove o< ﬁ:. We

proved Q% < Q*, we only need to show x* < Q. Proposition 3 indicates & 7 (

first prove a property of the optimal bucket contract.
LEMMA EC3. There must exist an optimal bucket contract such that QQ* > 0+¢€y for any subscriber
of a given type 6.

Proof of Lemma ECS. Let (p*,Q*) be an optimal bucket contract. Pick an arbitrary subscriber of
the bucket contract (p*,@Q*) and assume she is type 6. For a realized €y, we can write her optimal

demand and utility as

0, it 0+¢€ <0 0, if 0+¢€ <0
d*(0+ep) =< O+ep, if0<O+¢e<Q* and u*(d* |0 +e5) =4 (0+€5)?/2, if0<O0+4¢ <Q*
Q*, 1f9+€92Q* (9+69)Q*—Q*2/2, 1f6+692Q*,
respectively. Since ¢(d* | 0 + €y) = p*, we have
—p~, if0+€ <0 (EC.111a)
s (d* |0+ eg) =u(d* |0+ €g) —c(d* |0+ e€5) =1 (0+€5)/2—p, if0<O0+e <@ (EC.111b)

(O+e)Q" —Q™/2—p*, ifO+e>Q" (EC.111c)
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Therefore, the expected surplus 3(p*, @* | §) of this type-6 subscriber is
5(p", Q7| 0)
=E, [s"(d" |0+ ¢€)]
=PO+e <0)E.,[-p*|0+e <0 +PO0<O+e <Q)E, [(0+€)?/2—p*|0<0+¢€ < Q]
FP(O+ ep > Q)E,, [(0+€0)Q — Q22— p" |0+ ¢ > Q"]
=P0<O0+e<Q)E, [(0+€)°/2]0<0+¢€ < Q"]
+P(0+€0 > Q")E,, [(0+€)Q" —Q*?/2]10+ ¢ > Q"] —p*
=E,, [(0+¢€)*/2] —P(0+¢eo > Q")E, [(0+e9—Q*)*/2|0+e > Q] —p*. (EC.112)
Note that (EC.112) implies that 5(p*, Q* | 0) strictly increases in @*. Thus, increasing Q* to 6 + €f
while fixing p* improves all subscribers’ surpluses and they would still subscribe to the new contract.
In the meanwhile, non-subscribers may also sign up for the new contract since p* stays but Q*
increases. Therefore, the lemma holds. [

Now we turn to demonstrate I < ﬁ:. Let (p*,Q*) denote the optimal bucket contract such that
Q* > 0+ ¢y for any subscriber of a given type 6. We shall prove that an bucket subscriber earns less
utility for any valuation perturbation €y than does she subscribe to the sharing contract (ps,Qs) =
(p*,Q*). Therefore, any customer who subscribes to the bucket contract (p*, @*) would also subscribe
to the sharing contract (ps, @) = (p*, Q).

Suppose that a type-6 customer subscribes to the optimal bucket contract (p*,Q*). For a realized
€p, (EC.111) characterizes her surplus. For the same type-6 subscriber, if she were offered a sharing
contract (ps, Qs) = (p*,Q*), by (19) and (20) her surplus can be written as

—ps +PQs = —p* +PsQ", if 6+ €9 <Ps
0= { S04 o= D) =Pt BuQ = L0+ co— )PP HRQ, Ot e 2
To show s*(d* |6+ €p) < si(d:|0+¢€p), let us consider the following three cases:
(i) @4 € <0. In this case, s(d* |0+ ¢€y) = —p* < —p* +psQ* = s*(d% | 0 + €p) since p; > 0.
(i) 0 <0+ €p < p,. In this case, s*(d* |0+ €p) = 3(0 + €9)* — p* < PsQ* — p* = s5(d% | 0+ €5) since
(0+€)/2 <0+ €y <Q* by Lemma EC3.
(iii) @+ ep > p,. In this case, s*(d* |0 +eg) = 3(0+€9)> —p* < 1(0+€0)* +Ps(Q* — 0 —€9) + 52 —p* =
$(0+ €9 —Ps)* + P Q" —p* =5%(d% | 0+€p) since p, >0 and 0+ ¢y <0+ ey <Q* by Lemma EC3.
Therefore, TI” <TI.. O



Technical Supplement of “Digital Goods Reselling: Implications
on Cannibalization and Price Discrimination”

TS1. Ancillary Results of Proposition 1

LEMMA TS1. Assume that the provider offers a sharing contract (ps, Qs,ts). There exists a unique

6, such that customers subscribe to the service if and only if 8 > 0,. The subscriber’s demand satisfies
max{0 —p, +1,,0}, if 0, <0<p,+Q,—t,

dg(0) = § Qs, if s+ Qs —ts SO P+ Qs+, (TS.1)
0 —ps —ts, otherwise

where P, is market-clearing price of a unit of the goods.

Proof of Lemma TS1. If a customer decides to subscribe to the service, i.e., sy(ds | €) >0, we can

derive her marginal utility change
O0ss | O0—ds—ps+t,, if 0<d,<Qs
od,

First, there must be a unique optimal d’ because the marginal utility change is monotone in d;.

0—d,—ps—t,, otherwise.

Moreover, since d; > 0, we have that if < p, —t,, then g;z <Oand d:=0;If p, —t, <O <p;+ Qs —ts,

ss(ds | 0) is maximized at d*(0) =0 — Py +t, < Qq; U ps+ Qs —t, <O <p,+ Qs + tg, for dy < Q,,

g;z =0—d, —p,+t, >0, for d, > Q,, g%z =0—d, —ps —t, <0, then s,(d, | 0) is maximized at

d(0) = Qg; Otherwise, s4(ds|6) is maximized at d*(0) =60 — p, —t, > Q4. By (4),

0, if0<6<ps—t,

dr(0) = 0—ps+ts, ifps—1t, <0 <p,+Q,—1,

’ Qs, if ps + Qs —t, <O <P+ Qs +1,
0 —ps—t,, otherwise

and
(Bs —t5)Qs — ps, if 0<6<p,—t,
5. (d(6)8) = | 20D b F (D= 1)@ —poy M Dyt <O <D+ Qu 1
’ 0Q. — Q7 — s, if P+ Qs —t, <O< P+ Qs+,
30 —ps—ts)? + (ps +t5)Qs — ps, otherwise.

If (ps —ts)Qs — ps > 0, customers of type 6 < p, — t, are speculators who have the intention of
purchasing for resales only (without any self-consumption) and customers of type 6 > p, —t, purchase
with strictly positive consumption. Note that not all customers of type 6 < ps — t, would subscribe
since the market clearing price p, is endogenous. Thus, only a fraction of customers of type 8 < p, —t,
eventually subscribe. With loss of generality, we define 6, as the largest  that is smaller than p, — t,
and yields the market clearing price p,. (Who are the subscribing speculators is not critical as long
as the measure of the subscribing speculator set is fixed. Moreover, we will show that the provider
will price out speculators at optimality.)

If (Ps —ts)Qs —ps >0, s,(d2(0) | 0) strictly increases in 0 for 6 > p, — t,. Hence, there exists a
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unique 0, > p, — t, such that ss(dz(0)]6) > 0 if and only if 6 > 6,. In particular, let 6, > 0 be the

solution to
1 . .

We thus claim that customers subscribe to the service if and only if 6 > 6. O

LEMMA TS2. Assume that the service provider offers a sharing contract (ps, Qs,ts). Let 6, be the
cutoff such that customers of type 0 > 0, subscribe and let pE be the equilibrium market clearing price.
(i) The sharing market has an equilibrium with speculators, i.e., some subscribers resell all their
allowances, if and only if pt > p,/Qs+ts and 0 < 6, < Dt —ts. Moreover, pt and 0, must satisfy
the following equality
Pi+Qa—ts ® PiA+Qo—ts e
ol [ rows [ gew|an] [T sewr [ o)
0 PE+Qastts b

: —ts 73: +Qs +ts

Dy +Qs—ts e
:/ (0+ts)f(0)d0+/ (0—1.)(0)do.

A: —ts ﬁ:+Qs+ts

s

(TS.3)

(i) The sharing market has an equilibrium without speculators, i.e., all subscribers consume some
of the allowance, if and only if ty <p: <p,/Qs+ts and 0, > pi—ts. Moreover, pt and 0, must
satisfy the following equality

PE+Qs—ts e Pi+Qa—ts e
)| [ 0w [ gow|= [T esoms [ @-u@w. s
0 PiHQs+ts 0 PiHQstts
Proof of Lemma TS2. (i) By Lemma TS1, for speculators who does not consume any data, d*(0) =
max{f# — p* +t,,0} =0, which occurs if and only if §, < p* —t,. For these speculators, the fact that
they subscribe to the service indicates that s,(d%(0) | 0) = (pt —ts)Qs — ps > 0. Thus, p* > p,/Qs + .

In this case, the total supply and demand of the sharing market are

Pat+Qs—ts Ps—ts Ps+Qs—ts
[ - aounow= [T o [T Q- 0-pi+t) 0@ (T55)
and S
© ©
[ @@-@se= [ (0-p-t)-Q.) 1), (13.6)
Ps+Qs+ts Ps+Qstts

respectively. Equating (T'S.5) and (TS.6), we attain the market clearing condition (T'S.3).

(ii) If there are no speculators, Lemma TS1 indicates that d*(0) =  — p* +t, for 6, <0 < p* +Q, —t.,
which occurs if and only if 6, > p* — t,. For these subscribers, s,(d(d) | §) > 0. In particular, for
the subscriber of type 65, s,(d*(0,) | 0,) = %(és —pr4t)? —pi+ (Pr — t,)QF =0, or equivalently,

1
5(95 —pr 4t =pt — (Pt —ts)Qr > 0. Thus, pf < p:/Q* +t,. In this case, the total supply and

demand of the sharing market are

Pe+Qs—ts PEFQs—ts
[ Qe roe= [T Q- 0-pi ) 000 (1)
and | ‘
© ©
[ @@-qised=[  (0-p-t)-Q)f6)e. (TS.5)
p§+Qs+ts p:+Qs+ts

respectively. Equating (T'S.7) and (TS.8) for market clearing, we obtain in (TS.4). O



TS2. Ancillary Results of Theorem 3
LEMMA TS3. Assume that the service provider offers a K-tier menu of sharing contracts, denoted
by {ps,, Qs }» k=1,2..., K, with ascending market clearing prices ps, < ps, < ... < Ps,. Then,
(i) for any given two items i < j, s, (d;.(0)|0) — s, (d:j(@) | 0) (weakly) increases in 6;
(ii) if customers of types § and 6 choose item s, of the menu, so do all customers of types 6 € [4,0].

Proof of Lemma TS3. (i) By Eq. (TS.2) and Lemma 1, if 6 <p,,, then s, (d (0) [ 0) — s, (d:j(Q) |
0) = (=ps; +Ds; Qs;) — (=Ds; +D5,;Qs;) is constant; if p,, <6 < p,;, then s, (d; (0) | 0) —s,,(d; (0) | 0) =
30 = Ds,)* = s, + D5, Qs — (=5, + D5, Qs;) increases in ¢; if p,; <0, then s, (d5 (0) | 0) — s,,(ds () |
0) = 16— $uy)? — uy + PusQus — (50— Duy)? — D, + o, @e,) = 2, — Pur) (20— Puy — Pu) — oy +
Ds;Qs; — (=ps; +Ps;Qs;) increases in 6. In sum, s, (d;,(0) | 0) — s,,(d; () | ) increases in 6.

(ii) We show the result by contradiction. Assume that there exists a type-6’ customer who chooses
a different item s; than s, where 6’ € [§, é] Without loss of generality, let us further assume p,, < p;;
and consider s, (d3, (0) | 0) — ssj(djj () | 0). The fact that both type-g and type-@ customers choose
item sy implies that s, (d;, (€) | @) — s, (d* (@) 1€) >0 and s, (d;, (0 9) | 6) — ssj(d* (0)|6) >0, whereas
for the type-0’ customer s, (d; (6') [6') — ssj(d* (0")10") <0. Thus, s, (ds, (0) [0) — s, (d:j(ﬂ) | 6) is

not monotone in #, which contradicts with Lemma TS3(i). O

LEMMA TS4. It is optimal to offer a K-tier menu of sharing contracts such that no speculators

subscribe in equilibrium.

Proof of Lemma TS4. Lemma TS3 implies that a K-tier menu will separate customers to K inter-
vals according to their types. Without of loss generality, assume that customers in the ¢-th interval
choose item s;. Moreover, let the left endpoint of the i-th interval denote as 0, and 6, <6, < ... , < 0.

We prove the result by contradiction. Suppose that there exist some speculators who choose item
s;. By Lemma 2(i), we have 6; < Ps; and P, Qs, —ps, > 0.

First, we will show that speculators must be among those who choose s;. Assume that speculators
choose an item s; where i > 1. It can be shown that a type-; subscriber must be a speculator and
Se;_y (3, (0:) ] 6:) = s, (d? (7) | 0;) = Ps,Qs, — ps, > 0 at optimality. Then, there must exist another
speculator of type 6 =0, +¢ € (91'7133,-) purchasing item s; as well, i.e., s, (d%.(0) [ 0') = ps,Qs; — s, >
Ss;_, (d3,(0) [ 0'). However, for such a speculator, we also have s, (d;, (6') | 0') > s, l(djz(éz) 10,) =
Ss, (d:i(éi) 10;) = s, (ds, (") | 0"), where the first inequality is because s,,_, (d} ( .) | 6;) increases in 6.
A contradiction arises. Hence, if there exist any speculators, they must choose item s;.

Next, we demonstrate that the optimal menu must eliminate all speculators from item s;. By
Lemma 2(i), if there are speculators purchasing s, then 6, < Ds, and ps, Qs, —ps, > 0.

Assume Py, Qs; — ps; > 0 at optimality. Then we can construct a new menu by setting p, = ps; Qs,
and p’sl_ =ps, + p’Sl — ps, for i >2. It is easy to show that the surplus difference of any arbitrary two
items of the menus is unchanged under this new menu {p’Si,Qsi}, 1=1,2..., K. Hence, customers

who choose item s; from menu {p,,, @, } will still purchase item s; from {p{ ,Qs,}. Moreover, since
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Py, > ps; for any i=1,..., K, menu {p;i,Qsi} thus induces a higher revenue, which contradicts the
optimality of menu {p;,, Qs, }. Therefore, it is only possible that ps, Qs, — ps, =0 at optimality.

We then consider the case p,, Qs, — ps; = 0 and show that there exists a menu {p;i,Q;i} that
induces no speculators but yields the same revenue. Specifically, for item s, let Q) = Zi21 JQay (0 —
P /Qu) F(O)A0) (F(ps, /Qu,) — F(B)) and choose pl, such that pl, /Q), = pu, /@, For item s, i =

LK Tet (pl, Q) = (ps;» @s,;). Note that the market clearing equation (6) is achieved at 0, =
Ds = Psy /Qsy = Psy; under (p, Q%) (With © in (6) being replaced with 05). Thus, by Lemma 2(ii),
sharing without speculators occurs under {p; ,Q%, }. In other words, menu {p; , @’ } does not induce
any speculators. Next, we prove that {p{ , Q. } yields the same revenue as {p,,Q,,}. For any type ¢
subscriber, s, (d:l(ﬁ)W) =500 =Ds))* + D, Qsy — ps, = 5(0 — Psy)* + D5, QL — P, due to pl, Q) =
Ps;/Qs, = Ps, - This indicates that any customer earns the same surplus from (p; , Q%) as (ps,, Qs, ).
Thus, for i > 2, subscribers who choose item s; under {p,,, Q;,} will still purchase it under {p/ , Q" }

and generate the same revenue for the provider. Subscribers of item s; also generate the same

revenue under (p), , Q") as (ps,, Qs, ). To see this, recall that p, /Q. =p,, /Qs, and Q. [F(ps, /Qs,) —
F(#2)) =12 g, (0= psy /Qu,) F(8)d6. Then, we have
Py, [F(0) = F(8:)] = (0, Q) [F (0, /Q1,) — F(02)]Q%,
= (p81/Q81)[ g / ) F(92)]Q/s1

= (p51/QS1) (9 — Dsy /Qs1>f(0)d9
/@) | "0 p)f(0)0

=5, [F(01) — F(02)],
where the second last equality is due to ps, = ps, /@5, and the last equality is due to (5) which implies
that Q,,[F(0,) — F(0,)] = f;jl (0 — ps, ) f(0)dO (with © being replaced with 6,).

Therefore, it is optimal to offer a K-tier menu such that no speculators exist in equilibrium. [J

LEMMA TS5. For any K-tier menu of three-part tariffs, denoted by {pn,,Qn,,Dn, }, k=1,2... K,
it is always possible to construct a revenue-equivalent counterpart such that if customers of types 4

and 0 choose item ny of the menu, so do all customers of types 0 € 19, 5}

Proof of Lemma TS5. By Proposition 2 of Bhargava and Gangwar (2018), a menu of K three-part

tariffs, has a revenue-equivalent two-part tariffs if Q ( gﬁfg’fg) {7(((;))) > 0. In our case, u(d | 0) = 0d— L d?,

then mféﬂﬁ,)) ;i‘z)) (0 — 1d) j;(((;) increases in 6 > d since F() has an increasing failure rate. Hence,

o ( w(de) 1(0)
90 \ 2uld®) F(9)
26

revenue-equivalent counterpart with @, =0. Then, for any ny, d, (0) =6 —p,, by (10). s, (d;, (0) |
9) - snj (d;:] (0) | 6) = %(0 _ﬁnk)2 _pnk - (%(9 _ﬁnj)2 _pnj = %(ﬁnj _ﬁnk)(za _ﬁnj _ﬁnk) _pnk +pnj

is monotonous in #. Following a similar procedure as the proof of Lemma TS3, we can show that if

) > 0. Then, for any menu of a three-part tariff, we only need to show the result for its

customers of types @ and 6 choose item ny, , all customers of types 6 € 14, é] do the same. O



TS3. Subscription Decisions under Uncertainty
We first consider customers’ subscription decisions under the bucket contract.
We start with customers’ consumption decisions first. Assume that a type-6 customer with a

valuation perturbation €, subscribes to the bucket contract (p, Q). We can write her surplus as

1
s(d]O0+e)=u(d|0+e)—c(d]|0+e)) =(0+¢€p)d— §d2 -, (TS.9)

from which the surplus-maximizing demand can be derived as

0, if 0+ e <0

d*(9+69): 9—|—€9, 1fO§9+EQ<Q

O,  ifl0+e>0.

Then, by (TS.9), a type-0 customer’s maximum surplus under (p, Q) is
—p, if 0+¢eo<0

s(d* |0 +e) =u(d |0 +es) —c(d | 0+e) =1 (0+¢€)*/2—p, if0<O0+46 <@

(O+e)Q—Q*/2—p, ifO+e>Q.
Whether type-0 customers subscribe to the bucket contract (p,@) is determined by their expected

surplus. Specifically, type-6 customers subscribe to a bucket contract if and only if

5(1.Q16) = E,, [s(d" | 0+ o)
=PO+e<0)E., [—p|0+e <0+PO0<+e <Q)E., [(0+€)*/2—p|0<0+¢<Q)]
+P(0 + €9 > Q)E, [(0+€)Q —Q*/2—p |0 +e9 > Q)]
=P0<O+e<Q)E, [(0+€)°/2]0<0+¢ <Q)]
+P(0+ €9 > Q)E, [(0+€)Q —Q™/2]0+¢, > Q] —p
=Ee, [(0+€0)°/2] —P(0+ ¢ > Q)Eq, [(0+ 60— Q)*/2] 0+ 6 > Q] —p.
> 0.
For ease of exposition, we thus denote O(p, Q) :={0|35(p,Q |0) >0} as the subscriber set under the
bucket contract.
We then consider customers’ subscription decisions under the nonlinear contract in this section.
We start with customers’ consumption decisions first. Assume that a type-6 customer with a

valuation perturbation €4 subscribes to the nonlinear contract. We can write her surplus as
1
Sn(dn ‘ 9+69) = u(dn ‘ 0+ 69) - Cn(dn | 9+60) = (6+60)dn - idi - (pn +]3n : (dn - Qn)Jr) .

Similar to Lemma 3, we can derive the surplus-maximizing demand as

0, it 0+€ <0 (TS.11a)

(04 ep) = 0+ eg, Hf0<0+e<@Q, (TS.11b)
" Qn, if Q, <0+ey<pn+Qn (TS.11c)
0+€—Dn i Pp+Qn<0+e. (TS.11d)

Whether customers subscribe to a nonlinear contract are determined by their expected surplus under

uncertainty. Specifically, type-0 customers subscribe to a nonlinear contract if and only if

gn(pn; anﬁn ‘ 9)
= B¢, [sn(d}, | 0+ €9)]



=P(0+€e <0)E, [sn(d)) |0+ € <O0]+P(0<O+€9 <Qn)Ec, [5n(d)) | 0<O+€g < Q]

+P(Qn S 0 + €g < ﬁn + Q’I’L)Eeg [Sn(d;) | Qn S 0 + €9 < ﬁn + Qn]

+P(Pn + Qn <0+ €9)Ee, [sn(dy,) | Pn+ Qu <0+ €4

1
=P0+€e <0)E., [—pn|0+e <0 +PO0<0+€ <Qn)E, [2(9+69)2—pn’0§9+69<Qn}
1
+P(Qn S 9+69 <]3n +Qn)Eeg |:(0+69)Qn - 5@721 —Dn ‘ Qn S 9+60 <ﬁn + Qn:|
1
HB(Pu+ Qu 0+ By |50+ co— 5. 4 u@u—pu B+ Qu <0+
1
= P(O§9+€9<Qn)E60 |:2(9+€9>2|0§9+69<Qn}
1
+P(Qn S 9+69 <ﬁn +Qn)]Eeg |:2(9+ EG)QH - Qyzy, ’ Qn S 6+€9 <ﬁn + Qn:|

1
> 0.

For ease of exposition, we thus denote ©,,(pn, Qn,Dn) = {0 |5, (pn, Qn,Pn | 0) > 0} as the subscriber

set under the nonlinear contract.

TS4. Ancillary Results of Section 6
LEMMA TS6. Assume that the service provider offers a sharing contract (ps,Qs). There exists a

unique 0, such that customers subscribe to the service if and only if > 0,. The subscriber’s demand

satisfies
07 2f0§9<ﬁ9_qu€
* _ 0—pstwyQs N A
ds(e) - Liwu? Zf Ds _qus §9<ps—|-Qs (TSlg)
79_p15:;”0"625 , otherwise.

where py is the market clearing price of a unit of the good.

Proof of Lemma TS6. If a customer decides to subscribe to the service, i.e., s,(d, | #) >0, we can
derive her marginal utility change
ds, 00— (1+w,)ds —ps + w,Qs, if dy < Qs (TS.14)
od, :{0—(1+wo)ds—ﬁs+ons, if d, > Q,. (TS.15)

First, there must be a unique optimal d’ because the marginal utility change is monotone in d,.

Osg
ads

« B - o . 0—pstwyQs
and df = 0. Second, if p; —w, Qs <0 < ps + Qs, it is to see that di(0) = %MQ < Qs by (TS.14).
Third, if 0 > p, + Qs, it is to see that d*(0) = W > Q, by (TS.15).

By (23),

<0

We next write d; as function of customer type 6. First, if 0 < ps —w,Qs, it is easy to see

1
——w, Q% — ps + 5.Q., if 0<0<ps—w,Qs (TS.16)

0_/\5 u 52 1
(0 —Ps + w, Q) —§qu§—ps+ﬁst7 if Py —w,Qs <0< ps+Q, (TS.17)

ss(d3(0)0) =

2(1+w,)
a_ﬁs—i_ons 2 1 R R
( 2(1_|_w) ) _inQg_ps"i_pst; ifp,+Q,<0<0O.

which shows that s,(d*(6) | §) increases in 6. Hence, there exists a unique 6, > 0 such that s,(d*(6) |
0) >0 if and only if 6 > 4,. O
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LeEMMA TS7. Assume that the service provider offers a sharing contract (ps, Q). Let 0, represent
the cutoff so that customers of type 0 > 0, subscribe and p% be the equilibrium market clearing price.
(i) The sharing market has an equilibrium with speculators; i.e., some subscribers resell all their
allowances at a unique market clearing price p* if and only if pt > p,/Qs + w,Qs/2 and 0 <

0, < Dt —w,Qs. Moreover, pt and 0, must satisfy the following equality

Q F(e_):/ﬁ:+Qs a_ﬁ:—i_qusf(e)dH_’_/e H_ﬁ:+ons
R PE—wuQs 1+w, PEHQs 1+ w,

(ii) The sharing market has an equilibrium without speculators; i.e., all subscribers consume some of

F(0)ds. (TS.18)

the allowance and there is a unique market clearing price p%, if and only if pt < ps/Qs+w,Qs/2
and 0, > Pt —w,Q,. Moreover, p: and 0, must satisfy the following equality
rg = [T 0B+ Qs ° 0P+ w,Q
) /9 Wf(@)d@ + /ﬁws mf(e)de. (TS.19)
Proof of Lemma TS7. (i) By Lemma TS6, for speculators who does not consume any data, d*(0) =
0, which occurs if and only if 6, < D —w,Qs. For these speculators, the fact that they subscribe to the
service indicates that s,(d:(0) | 8) = — 2w, Q2 — ps +P:Qs > 0 by (TS.16). Thus, p; > p,/ Qs+ w.Qs/2.

In this case, the total supply and demand of the sharing market are

Py +Qs Ps—wuQs Pe+Qs ok
/é (Qs—d(8))£(6)d0 = /0 Q. f(6)do+ (QS - MSW) £(6)d6 (TS.20)

Ps—wuQs 1+wu
and
S} © 6 — pH*
: Py +woQs

/ (d3(0) — Q) f(0)d0 = / (—Q5> £(6)d6, (TS.21)

Pi+Qs PI+Qs 14w,
respectively. Equating (TS.20) and (TS.21) to attain the market clearing condition, we obtain
(TS.18).

(ii) By Lemma TS6, the fact that there are no speculators means that d*(6) > 0 for all subscribers,
which occurs if and only if 6, > p* —w,Q,. For these subscribers, s,(d*(0) | ) > 0. In particular, by
(TS.17), for the subscriber of type 6,

n n (és - ﬁ* + qus)2
S(dX(0,)|05) = -

1 A%
- iqui —Ps +pst =0

or equivalently

gs_ﬁ:+qus 2 1 Ak

Thus, p* <ps/Qs +w,Qs/2. In this case, the total supply and demand of the sharing market are

Ps+Qs Pi+Qs 0_ b L0,
/9_ (Q, — d*(8)) £(6)d6 = / (QS - W) £(6)d0 (TS.22)

and

© @) - [P (0-hit e
[ o= [ (B, -

respectively. Equating (TS.22) and (TS.23) to attain the market clearing condition, we obtain
(TS.19). O

PROPOSITION TS1. Assume that the service provider offers a sharing contract (ps,Qs).

(i) The sharing market has a unique equilibrium with speculators if and only if 0 < Q, < Q,(ps, Qs);
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(ii) The sharing market has a unique equilibrium without speculators if and only if Qs > Q,(ps, Qs)

and ps/Qs +Qs/2< O,
&+wﬂ2 2 +Qs 0—ps/QstwuQs/2 o dp fe 0—ps/Qs—wuQs/2+woQs o) dp
. %7u7u2Qs Tf( ) a9+ %Jriwu?QS +Qs THwo 1)
where Qs(psa QS) = * F(Pis,wui%)
Qs 2

Proof of Proposition TS1. For ease of exposition, we define g(y) = ytQs OoytwuQs £(9)d9 +

y—wuQs 14wy

fﬁrQs %J‘(G)d@. Note that g(y) strictly decreases in y > w,Qs. Moreover, 0 < g(y) <

U 0f(0)d0 + [2, PrEeQs f(g)do < [T 0f(0)d0 + [0, 0f(0)d0 < [T 0f(0)d0 +

—wyu Qs +Qs 1+wo —wuQs
fz(iQSZf(G)dﬂ =EI[6] ,walere t;;e second inequaligjcy iscilue to —y+w,Qs <0 <w,f, the third inequality
is due to —y +w,Qs < w,(y + @), and last third inequality is due to y > w,Qs.
(i) Necessity. Suppose that the sharing market has an unique equilibrium with speculators. By
Lemma TS7(i), we have 0 < 0, < pi—w,Qs and pi > ps/Qs + w,Qs/2. Consider two cases: 6,=0

and 6, > 0.
If , =0,
/N PtQs 9—]52—|—qu8
Q=QF()= [ TRt
_ JPE—wuQs tw,
<Q(Ps; Q) F(ps/ Qs — wuQs/2) < Qy(ps; Qs),
where the first inequality is due to g(y) strictly decreases in y > w,Q, and p* > p,/Q, + w, Qs /2.

f(@)d0+/e 0 — pi +woQs

0)do
PEHQs 14w, /)

If 0, > 0, we first prove p* = p,/Q, +w,Q,/2 by contradiction. Suppose p* > p,/Q, +w,Q,/2. For
customers of type 6 < 0, if they subscribe, d%(6) =0 and s,(d%(0) | 0) = —iw,Q? — p, + p:Q, > 0,
which contradicts with the fact that only customers with 6 > 0, subscribe. Since 0 < 6, < D —w,Qs,

(N ”5 s 07A: Wy s © *A: Wolds (%
then Q.F(0.) = [Lti, “=Earenlef(9)dg + [7, , “Latvele f(9)dg > Q. F(p; — w.Q,) due to the

monotonicity of F(-). Note p* = p,/Qs — w,Qs, we have

[0 R g [T T 00 . ;- 0,0 = Q. < T

Sufficiency. Suppose 0 < Q, < Q,. To ensure the existence of a sharing equilibrium with speculators,
we need to show that (TS.18) has a unique solution p, > 0 and there exists a unique 0 < 6, < D —w, Qs
such that s,(d:(6,) | 0,) > 0, where the equality is achieved if §, = 0. Let us consider two cases: (a)
0< Qs <g(ps/Qs +wuQs/2), and (b) g(ps/Qs +w.Qs/2) < Qs < Q.

(a) If 0 < Q, < g(ps/Qs +w,Qs/2), we first prove 8, >0 does not occur in equilibrium. Then, we
construct a sharing with speculators equilibrium with 6, = 0 and show that this is the only possible
equilibrium.

Suppose 0, > 0 in equilibrium. From the proof of necessity, we know P =ps/Qs +w,Qs/2 if 0, > 0.
Then,

QsF () < Qs < g(ps/ Qs +wuQs/2) = g(53),
which implies (TS.18) has no solution. Hence, it is not possible to have 6, > 0 in equilibrium.
Next let §, = 0 and we show that there exists a unique p* > p,/Q, +w,Q,/2 such that the market-
clearing condition (TS.18) holds. Note that Qsﬁ'(és =0) = Q. Hence, we can rewrite (TS.18) as
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Qs = g(pt). Since g(ps) € [0,E[0]] for ps > w,Qs, there must exists a p such that Q= g(ps) has a
solution for a given 0 < Q, < g(ps/Qs + w,Qs/2) < E[A]. Moreover, the strict monotonicity implies
that such a p* must be unique and p* > p,/Qs + w,Qs/2 since Qs = g(p%) < g(ps/Qs + W, Qs/2).

At last, we show that s,(d(6,)|6,) > 0. Since 0, =0 < p,/Q, +w,Q./2 < p*, d:(§, =0) =0 By
Lemma TS6. Hence, s,(d(0,=0) | 0, =0) = —1w,Q? — p, + p:Q, > 0 by (TS.16).

1) g(ps/Qs + w,Q,/2) < Qs < Q,. We first prove that 6, # 0 when sharing with speculators
emerges in equilibrium. Suppose 6, = 0. This means type-f, customers do not value the service at
all. They, thus, consume nothing even though they subscribe to it. Hence, d*(f,) = 0 and s,(d*(0,) |
0,) = — 2w, Q% — ps + P;Qs > 0, which implies p; > p,/Q, +w,Q/2. Then, we have

QsF(0,) = Qs> g(ps/Qs +wuQy/2) > (),
which shows that (TS.18) has no solution if 6, = 0.
We first construct a pair of (p*,0,) that satisfies (TS.18) and s,(d*(6) | 5) = 0 simultaneously.
Let pf = ps/Qs + w,Q,/2 and we shall show that there exists a unique 6, > 0 such that the market
clearing condition (TS.18) holds. To see this, rewrite (TS.18)

Q.F(0:) = g(0%) = 9(p,/ Qs +wuQs/2).

Since g(ps/Qs +w,Q,/2) < Q, and F(f) strictly decreases in 0, Q. F(0,) = g(p,/Qs +w,Q,/2) holds
for a unique 6, > 0.

We next show 0, < p* = p,/Qs + w,Q,/2. Since Q,F(0,) = g(p?) and Q, < Q, = g(ps/Q, +
0aQu/2D)F(pefQu — 10,Q/2), )

9(0%) = Qs F(0,) < Q. F(0s) = g(ps/ Qs +wu Qs /2) F(8,)  F (ps ) Qs — wuQs/2)
= 9(P)F(0:)/ F(ps/ Qs —w,Qs/2),

where the last equality is due to p* = p,/Q, + w,Qs/2. (TS.24) implies that F(6,)/F(ps/Qs +
w,Q,/2) = F(0,)/F(pt) > 1 and thus 0, < p* =p,/Q,+w,Q,/2 due to the strict monotonicity of F(-).
Since 0, < p* — w,Qs, di(6;) =0 By Lemma TS6. Hence, s (d%(6;) | 0,) = —2w, Q% — ps + p1Qs =0
by (TS.16).

So far, we have a pair of (p, 0, ) that arises as a sharing equilibrium with speculators. We next show

(TS.24)

that this is the only sharing equilibrium with speculators. First, we show that there does not exist
other equilibrium with 6, > 0. Assume there is another sharing equilibrium with speculators with
0" # 0, > 0. From the proof of necessity, we know that for #, > 0 the corresponding p*" must equal to
Ps/Qs + w,Q,/2. However, when we set p* = p,/Q, + w,Q,/2 in the constructive proof above, it is
shown that (TS.24) holds at a unique 6, > 0. Therefore, we conclude (p*',6.) = (p%,6,). Second, we
show that there exists no equilibrium with 6, = 0. Suppose 6, = 0. This means type-, customers do
not value the service at all. They, thus, consume nothing even though they subscribe to it. Hence,
d;(0.) =0 and s,(d3(0,) | ) = —3w.Q? — ps + P Qs > 0, which implies p} > p./Q. +w,Q./2. Then,

we have

QsF(0,) = Qs > g(ps/Qs +wuQy/2) > g(p%),
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which shows that (TS.18) has no solution if 8, = 0. Thus, there is no speculating equilibrium with
0, =0.
(ii) Necessity. Suppose that the sharing market has an unique equilibrium without specu-

lators. Let p* > 0 be the market clearing price. First, we show ( ;EJFQS (F’ﬁ#% f(0)do +

f; 10, %750"% f (9)d9) / F(0,) is increasing in 0,. Consider the first derivative in 0,

?:J’_QS 0—prtwuQs f( )d9+f 0. 0—ps+woQs f(@)d@

0s 1+wy 1+wo
F(8,)
| BP0+ T R 1000+ [ o, RS (0)010)0
o F2(0,) ’
y — ComBtenQs fo(f) ) 4 [PoQ foBitunQs B ()40 + [52 0, Quf (6 )d&f(&)d@f(é)
- ) FQ(QQ) S
© o, Q, — BBt £gyqh£(0)dH
_Jp10.9 e f(0)dof(9) 18>0,

F2(6;)
where the first inequality is due to 6 > 6, for 6 € [0,,p* + Q,] and 0 > p* + Q, for 6 € [p* + Q,, O], the
second inequality is due to 6, < D+ Q.

Second, we show 0, > p,/Q, — w,Q,/2. Let (TS.17) equals to zero, we have p* = 0, +
\/(1 +w,)Q2 — 2(1 +w,)0,Q4 + 2(1 +w,)ps — Qs. Recall that 0, > p* — w,Q, by Lemma TS7(ii).

Therefore,

és Zﬁ: _qus — \/(1 +wu)Q§ - 2(1 +wu)§ Qe + 2(1 +wu)p9 S (1+wu)Qs — és Z ps/Qe_que/Q
Third, we show Q, > Q.. By (T8.19), Q, = ( J77+9" Bt p(g)dg+ [, “=Eitwele f(9)dg) / F(0,)

14-we, 14+wo s/

then it is equivalent to show
Ps+Qs 60— pat+wuQs © 0—pi+woQs
bo trwn J OO oo, —hre, F(0)d
ps+Q 6—pi+ QF(HS) e 0P +woQ
Ps s —Ps TWus —Ps TWols
> pS/Qs_qu5/2 1+7£u f(@)d9+fﬁ§+Qs 14wo f<€)d9
- F(ps/Qs —w, 2
Ps/Qs+qus/2+Qs szgfj/Q/s?qus/QQ /d)9 0— ps/Qs*qus/2+ons 9 d9
> Ps/Qs*’qus/2 14wy f( ) +f /Qs+qus/2+Qs 1+wo f( ) :@
N (ps/Qs_qus/2) *
where the first inequality is due to ( PerQe 0p Qe f(g)dg [, Eaels £ (g) de) / F(6,)

O 1+wq, 1+we
increasing in 0, and 0, > p,/Q, — w,Q,/2, the second inequality is due to pt <ps/Qs +w,Qs/2 and
[is/gcjiqus/z Wﬂ )do + f 10 Wﬂ&)d@ is decreasing in p?.

Last, we prove p,/Q, + Q,/2 < © by contradiction. Suppose p,/Qs + Q./2 > ©. Let 1(0) =0 +
V(4 w,)Q2 —2(1 +w,)Q:0 + 2(1 +w, )ps, then

1(©) =+ /(1 +w,)Q2 = 2(1+w,)Q.0 +2(1 +w,)p,
>0+ /(1+w,)Q2 — 2(1+w,)Q, (p,/Q +Qu/2) +2(1+w,)p, = O,

which implies p* =1(6,) — Q, > © — Q,. We thus reach a contradiction since p* + Q, < ©.

Sufficiency. Suppose Q, > Q, and p,/Q, + Q,/2 < ©. To ensure the existence of a sharing mar-

ket without speculators with a unique market clearing price, we need to show that (TS.19) and
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Ak 2 —
(O=pstwuQs)” 2w, Q% — ps+Pi Qs = 0 simultancously hold with a unique set of p} and 0, > p; —w, Q..

2(14wy)
Let
—1(0) = Qu =0+ /(1 +w,)Q2 — 201 + w)8.Qs +2(1 + w,)ps — Qu, (TS.25)
which implies % — 3w, Q% — p, + PiQ, = 0. We next show there exists a unique solution

Ps/Qs — wuQs/2 <0 < p/ Qs+ Qs/2 < O such that

Ps+Qs § — P+ w, Qs Py + wols = =

Q= ([ . d9+/pS+QS DB fg)a0) [ )
which is equivalent to (TS.19). We can verify this by three steps in the followings. First,
we show L(6,1(0) — Q) is strictly increasing in 6 > p,/Qs — w,Qs/2, where L(0,p%) =
([7reQs Stine (g)ag + [, PPt £(9)d0) ) F(9). Recall L(0,p7) is strictly increasing in 0
and decreasing in p?, then it is sufficiently to prove [(0) is strictly decreasing in 6 > p,/Qs — w,Qs/2.
That is
(1 +w.)Qs
VO +w,)Q2 =201+ w,)0,Q, +2(1 +w,)p,
B (1 +w,)Qs B
VI +w,)Q2 =2(1+ w,) (ps/Qs — wuQs/2) Qs +2(1 +wy)ps

Second, we show Q, > L(ps/Qs — w,Qs/2,1(ps/Qs — w,Q4/2) — Q). This comes from L(p,/Qs —
W Qs/2,1(ps/Qs — wuQs/2) — Qs) = Q, and Q, > Q, immediately. Third, we show Q, < L(p,/Q, +
@s/2,U(ps/ Qs +Qs/2) — Q). Note l(ps/Qs + Qs/2) = ps/ Qs + Qs /2, then L(ps/Qs +Qs/2,1(ps/ Qs +

Qs/2) — Qs) = fp(j/Qs+Qs/2 efpS/Qs;ﬁjo/Hw“Qsf(G)dG/F(pS/QS +Qs/2) > Qs due to the Mean Value

') =1-

Theorem.
At last, we show 0, > p* —w,Q,. By (TS.25),

ﬁ: :és + \/(1 + wu)Qg - 2(1 + wu)ést + 2(1 + wu)ps - Qs
Sés =+ \/(1 +wu)Q3 - 2(1 eru)(ps/Qs - qus/2))Qs + 2<1 + wu)ps -Qs= 9_5 —w,Qs,

where the inequality is due to 0, > p,/Qs — w,Qs/2. O

LEMMA TS8. Assume that the service provider offers a nonlinear contract (pn, Qn,bn). If a type-0

customer subscribes, her optimal consumption level satisfies

Hwwln = if 0<0<Qn
d,,(0) = § @n: if Qu<0<ppt+Qn (T5.26)
W, otherwise.
Proof of Lemma TS8. We can write s,(d, | #) in (25) as
(. |6) = —2(1+w,)d2 + (0 +w,Qy)dn — 3w, Q2% — P, if d, <Qn
" _%(1+w0)d2 (0+U)0Qn n) n %wOQi+ﬁnQn_pna lf dn ZQTL

Note that s,(d,, | 0) is concave in d,, when d,, < @,, and d,, > @Q,,, respectively. Then, conditional on
the fact that a customer has already subscribed to the service, i.e., s,(d, | #) > 0, we can derive her
demand by the first order condition (FOC). Hence,
Os,, 0+w,Q,— (1+w,)d, =0, ifd, <@ (TS.27)
ad, { 0+ woQn —Pn — (1 +w,)d, =0, if d, >Q, (TS.28)
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which implies

9+1UuQn7 it d, <0, (TS.29)
=9 0 e, —p
o¥n — FPn . > . )
1+ w, , ifd, >Q, (TS.30)

We next write d; as function of customer type 6. First, if 0 < @, it is easy to see that d(6) =

O+wqy,Qn : N * _ 04+woQn—pn
Punln < Q,, by (TS.29). Second, if 6 > p, + Qy, then by (TS.30) we have dj,(0) = Hedn—rte > Q, .

At last, we show that d*(0) =Q,, if Q, <0 <p, +Q.:

(i) Assume a type-f customer consumes d, < @,. By (TS.27), ggz =04+ w,Q, — (1 +w,)d, >

Qn + w,Q, — (1 4+ wy,)d, = (1 +w,)(Q, —d,) >0, then the customer prefers increasing her
demand to @, i.e., d}(0) = Q,.

(ii) Assume a type-6 customer consumes d,, > @Q,,. By (TS.28), gz: =0+ w,Q, — pp— (1 +w,)d, <
Pn+ Qn+wWoQp — Dy — (1+w,)d,, = (1 +w,)(Q, —d,,) <0, then the customer prefers decreasing

her demand to Q,, i.e., d:(0) = Q.. O

LEMMA TS9. Assume that the service provider offers a nonlinear contract (p,, Qn,DPn). A nonzero
fraction of customers subscribe if and only if p, < %(@ — Pn)? + PnQ,. Specifically, there exists a

unique 6, such that customers subscribe to the service if and only if 0 > 0,,, where

i V(1 +w,)(2ps + 0, Q2) — w,Qn, if02§pn<%3’ ]
—p Woln 2 A
P+ T+ 1wo) 2(n = nQn) + WoQZ) = woQn,  if PrQn+ G < p, < Ofutto@el 45 0, —
(TS.31)
Proof of Lemma TS9. By Lemma TS8, we can write s,(d, | 0) in (25) as
0+w,Q,)* 1 ) .
— = — fo<ég TS.32
Sn(er (9) | 9) = QQn - 5@2 — Pn, lf Qn S 0 < ﬁn + Qn (TSS3)
(9+onn _ﬁn)Q 1 2 ~ oA
_Z — — f <6<6. TS.34
(@*ﬁn+onn)2 A _ on% * _ _ . * . .
If pn > =™ + Dn@n >, sa(d (0 =0) |0 =0) <0. Since s,(d;,(0) | 0) strictly increases

in 6, no customers earn positive surplus and hence there are no subscribers. On the contrary, if

0 < py < OBntwo@n)® 4 5 ) weQi o (g9 = 0) |0 =0)<0 and s,(d5(0 =O) |0 =0)>0.

= 2(1+wo) 2

Therefore, there exists a unique 6,, such that s, (d*(0) | #) = 0 and customers subscribe to the service
if and only if 6 > 6,,.

Next, we characterize 6,,. First, let us consider the case 0 < p,, < %Qi For any customer of type
0 € [Qn.pn+ Qn), su(d(0) 10) =0Q, — 3Q2 —p,, >0Q, — Q2 >0 by eq. (TS.33). For any customer
of type 0 € [+ Qn, O], s (d;(0) | 6) = Lrwa@utol _ 1y 2 — (3, — ,Q) > Q224+ $uQn —pa > 0
by eq. (TS.34). In other words, all customers of types 6 € [@,,,0] choose to subscribe. Thus, the
continuity of s, implies 6, < Q,: setting s,(d%(#) | 8) in eq. (TS.32) to be zero, we have 0, =
VI +w,)(2pn +w,Q2) — wuQn.

'LUOQ%
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Second, consider $Q?2 < p, < p,Q, + Q2. For any customer of type 0 € [0,Q,,), s.(d;(0) ] 0) =

% — sw, Q2% — pn < 3Q2 — p, <0 by eq. (TS.32). In other words, no customers of types 6 €
0,Q,,) choose to subscribe. For any customer of type 0 € [p,, + Q.., 0], s,(d*(0) | §) = (OtwoQn—pn)® _
n 2(14wo)

2wWoQ2 — (Pn — PnQn) = 3Q2 — (pn — PnQn) > 0 by eq. (TS.34). In other words, all customers of types
0 € [pn + Qn, O] choose to subscribe. Thus, the continuity of s, implies Q,, < 6, < pn + Q,.: setting
5, (d%(0) ] 0) in eq. (TS.33) to be zero, we have 0,, = p,/Q, + Q2 /2.

At last, consider p,Q, + ;QQ <pp < (95(”1+§2" + DnQ@n — —i. For any customer of type

0€[0,Q,), s.(dx(0)]0) = OrwaQn)® Tw,Q% —p, <1Q2 —p, <0 by eq. (TS.32). In other words,

2(1+way)
no customers of types 0 e [O,Qn) choose to subscribe. For any customer of type 6 € [Q,, P, + Q.),

In other words, no customers of types 0 € [Q,, P, + @) choose to subscribe. Thus, the continuity
of s, implies p, + @, <6, < O: setting s,(d*(0) | §) in eq. (TS.34) to be zero, we have 6,, = p, +

\/(1 + wo)(2(pn - ann) + on%) — W Q. ]

LeEmMA TS10. (i) For any uniform distribution on [0,a], denote 11 and I1% as the optimal

revenue under sharing and nonlinear contract, respectively. Then I1¢ = a*I1L and I1% = *I1},.

(ii) For any exponential distribution with probability density function f(0) = Xe=*’, denote I} and
1 as the optimal revenue under sharing and nonlinear contract, respectively. Then I1> =TI} /\?
and II) =TIL /2.

Proof of Lemma TS10. (i) First, we consider the sharing contract. Denote the optimal contract
(p%, Q%) with the resulting equilibrium market clearing price p%, where p?, Q%, p? are given by (24).
Note f(0) =1/a and F(0) = (a —60)/a, then (24) is equivalent to

(Lo 4 1fo=Qel) (1= Q, fa) (pofa — (14 w,)Qu fa) + el H0a)@e/0)%) _ (pe/(1-Qu/e),

14wy 14+wo 14wy

2
(QS/G/)(l _ Qs/a) _ (wu—wog(Qs/a) (Qs/a—ps/atwyQs/a)? + (I1—-ps/atwoQs/a)

(1+wu) (1+wo) )
Ps/a=/(1+w.)(2p/a® — (Qs/a)?).
Thus p?/a®, Q%/a, and p?/a are independent on a. Let z, = p?/a® and y, = Q% /a. Recall the threshold

of subscribing under optimal nonlinear contract 9_‘; equals to Q% by Proposition 8(ii). Hence, the
optimal revenue is I1¢ = p? F(Q%) = a?x,(1 — y,) = a?I1..
Second, we consider the nonlinear contract. Denote ¢ as the threshold of subscribing under optimal

nonlinear contract, which is given by

_ [Perode N2
(14 w,)%62 — ( enp(én)i — Hn) _F(6,)
o Jpereds g f(6))
2 |:(1 -+ w0)29n - %FT + Qn}
due to Proposition 9(i). Note f(0) = 1/a and F(0) = (a—0)/a, then the equation above is equivalent to

[12(14+w,)%+3](0,/a)? —[8(1+w,)? +6](0,/a) +3 = 0. Thus A% /a is independent, on a. Let z,, = 0% /a,
a(l—xn)

2(1+w )
1 ~a2

optimal revenue under nonlinear contract is I1¢ = (1092 + Lpa2)F(92) = é(mfl + 4((111270))22 (1 —x,)=
aI1L.

then the optimal overage rate p? = by Proposition 9(ii). From the proof of Theorem 4(i), the
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(i) First, we consider the sharing contract. Denote the optimal contract (p}, @) with the resulting
equilibrium market clearing price p?, where p}, Q2, P} are given by (24). Note f(0) = Ae=*’ and
F(0) =e*?, then (24) is equivalent to

(1_6%5: 4oe s ) (/\ﬁs — (1 +w,)AQ, + (Aps>2+<1+2wu><ms>2) _ Ows)?

1+weq, 1+wo 1+wy
)\Q — (1+wu)>\Qs—)\ﬁs+1—GiAp5 e~ APs
s 14-wq, 14wo ?

Aps = /(1 +w,) (2X\2p, — (AQ,)?).
Thus A?p}, AQ?, and \p are independent on A. Let z, = A?p} and y, = A\Q?>. Recall the threshold

Rl

of subscribing under optimal nonlinear contract éﬁ‘ equals to Q2 by Proposition 8(ii). Hence, the
optimal revenue is II} = p) F(Q)) =z e ¥ /A2 =111 /\2.
Second, we consider the nonlinear contract. Denote 67 as the threshold of subscribing under optimal

nonlinear contract, which is given by
_ [Corode N2
(14 w,)%62 — ( 9nﬁ(§n)7 — Qn) B F(8,)

_ f,@ or)de f(0.)
2|(1+1w,)20, — 2 46,

due to Proposition 9(i). Note f(8) = Ae *? and F(#) = e~*?, then the equation above is equivalent to
(14 wo)2(A0))? — 2(1 +w,)2 A0} + 1. Thus A is independent on \. Let x,, = A0}

n’

then the optimal

overage rate p) = +——— by Proposition 9(ii). From the proof of Theorem 4(i), the optimal revenue

T A(1+wo)
under nonlinear contract is IT) = (3022 + 1p)%) F(0)) = 55 (22 + aragz)e =10 /A% O
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